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Abstract. The lecture presents an introduction to shell model applications in nu-
clear spectroscopy. The evaluation of single particle energies, two-body interactions
and effective operators and their correlation with the choice of model space is de-
scribed. The results of the empirical shell model approach in a minimum valence
space and of large-scale shell model calculations are summarised for various re-
gions in the nuclidic chart. The mapping of the deformed and the spherical shell
model is demonstrated, and the evolution of shell structure towards exotic nuclei
is discussed.

1 The Nuclear Shell Model

The shell model of the atomic nucleus in its original form [1,2] was founded on
the success of the atomic shell model and experimental data of ground state
(g.s.) properties such as mass, spin-parity and magnetic moments, which were
brought together by merging the assumption of a central potential with the
ingenious idea of a spin-orbit force. The progress of the nuclear shell model
and its predictive power for excited states and nuclei remote from doubly-
magic shell closures is strongly related to its capability to treat many-particle
valence configurations. Ever since the pioneering work on the oxygen isotopes
[3], and now in its sixth decade, the evolution of shell model calculations is
determined by the mutual reinforcement of shell model techniques, computer
codes and capabilities on one side, and on the other side experimental devel-
opments providing structure data in the exotic areas of the Segré chart far
off the stability line. In this lecture the practical aspects of this liaison will
be summarized. Thus educated predictions of structure evolution in order
to define and design key experiments, and assessment of modern large-scale
shell model results should be enforced. Practical “hands-on” formulae and
recent key examples will be given to illustrate the power of the nuclear shell
model.

The brief introduction into the basics of the nuclear shell model given
in this lecture serves as a trigger to more involved studies in textbooks [4,
5], review articles [6,7] and conference proceedings [8]. A more detailed and
specialised lecture will be given in a forthcoming lecture in this series [9].
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1.1 Independent Particle Motion, Nuclear Mean Field Potential
and Single Particle Energies

In contrast to the atomic shell model with a spacially well defined central
Coulomb potential, in the nuclear shell model the central mean field potential
is created by the individual nucleons. Assuming two-body interactions only
the nuclear hamiltonian can be formally written as a sum of kinetic (T ) and
potential (V ) energy and rearranged by introducing the one-body nucleon
potential Ui.

H = T + V =
A∑

i=1

�p2
i

2mi
+

A∑

i>k=1

Vik(�ri − �rk) (1)

H =
A∑

i=1

[
�p2

i

2mi
+ Ui(�r)

]
+

A∑

i>k=1

Vik(�ri − �rk) −
A∑

i=1

Ui(�r) = H0 + Hres

(2)

The solutions of a Schrödinger equation with H0 are the nucleon single parti-
cle energies (SPE) in a central potential, as observed in single particle (hole)
states outside a doubly-closed shell (CS) nucleus in its neighbours (CS ± 1).
The two-body matrix elements (TBME) of the residual interaction HRes

represent the mutual interaction of the valence nucleons as observed in the
(CS±2) neighbours of a magic nucleus. Historically the question whether the
introduction of a central potential with independent particle motion is a vi-
able approximation has been discussed controversially in view of the nucleon
density and the strength of the nuclear force. The answer was given in the
consequent application of the Pauli principle. One may speculate that this
discussion has delayed the nuclear shell model by about a decade, as in retro-
spective the experimental evidence on masses, spins and magnetic moments
was known in the mid 1930’s [10,11].

In practical applications SPE are obtained from an empirical globally
adjusted central potential of e.g. the harmonic oscillator [5], the Woods-Saxon
[5] or folded Yukawa [12] type. Alternatively they can be extracted from
experimental binding energies (BE) as difference

εj = BE(CS ± 1; I = j) − BE(CS; g.s.) (3)

where j ≡ (n, l, j, tz) labels the single particle (hole) ground or excited states
in the (CS ± 1) neighbour in radial, orbital and total angular momentum
and isospin quantum numbers, which will be itemised only if needed. In
this lecture the symbol I will be used for the total angular momentum of
a nuclear state, whereas J labels the angular momentum of subgroups of
configurations, which for other than two-particle configurations appear in
general on the r.h.s. of equations. In (3) BE is used with a negative sign as
compared to total binding energies given in mass tables to warrant negative
values for bound particles and positive values for hole energies. In Fig. 1 SPE
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Fig. 1. Experimental single particle (hole) energies for the doubly-magic N=Z 16O,
40Ca, 56Ni, 100Sn (a), and the neutron rich 48Ca, 132Sn, 208Pb (b). The energies
are normalised to the middle of the shell gap (λF ), which eliminates the Coulomb
energy difference ∆EC . The numbers next to the levels quote the absolute SPE
including Coulomb shift
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for well established doubly magic nuclei are displayed [13]. As will be shown
in Sect. 5 the evolution of SPE is determined by the monopole part V m of
the residual interaction if Coulomb effects are neglected. In the case that
SPE are not known for exotic CS nuclei a global fit of V m to experimental
data can be used to infer unknown values [14]. Another global approach
to SPE is provided by the mean field Hartree-Fock (HF) method employing
schematic interactions [15]. It should be noticed though that SPE determined
by different methods are not strictly equivalent:

• a global central potential of a given shape may not account for the realistic
nucleon distribution and/or correlations of nucleons at the Fermi surface;

• empirically determined experimental SPE may not exhaust the full spec-
troscopic strength of the j orbit;

• SPE resulting from mean field models may not account for correlations
of e.g. the pairing (L = 0), quadrupole (L = 2) or octupole (L = 3) type,
though it is in principle possible to include these modes.

1.2 Empirical, Schematic and Realistic Interactions

With the restriction to two-body interactions the interaction energy (diago-
nal and non-diagonal) in a many-particle configuration can be reduced to a
weighted sum over TBME only (Sect. 2.1). The basic TBME of the residual
interaction can be evaluated in three different ways.

Empirical interactions are extracted from experimental data, in the sim-
plest approach, from the binding energies of CS,CS ± 1 and CS ± 2 nuclei.
In the case of a single j shell:

〈j2J |V | j2J〉 = BE(CS ± 2; j2, I = J) − BE(CS; g.s.) − 2εj (4)

with εj defined in (3), and a straightforward generalisation to non-identical
two-particle configurations (j1j2J) with ji labelling nucleon orbitals coupled
to angular momentum J . Only diagonal TBME can be extracted this way
with the consequence that in model spaces with more than one orbit mixing is
neglected. Therefore for not too large model spaces the χ2-fitting method has
been applied to determine SPE and TBME (including non-diagonal) from an
abundant data set of experimental binding and excitation energies of states
that can be assigned to the model space (Sect. 2) [6,16–22]. In the evaluation
of TBME it is often convenient to transform from proton-neutron (πν) to
isospin representation and vice versa. Except for Coulomb effects the ππ and
νν TBME are identical to T = 1 TBME. For πν TBME the following relation
holds:

〈j1j2J |V | j3j4J〉πν =
1
2

√
(1 + δj1j2)(1 + δj3j4) × (〈j1j2J |V | j3j4J〉T=0

+〈j1j2J |V | j3j4J〉T=1) (5)

For conversion of particle-particle to particle-hole TBME see Sect. 2.3.
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A χ2-fitting procedure is greatly simplified by assuming a schematic in-
teraction that can be specified by a few parameters. Historically, interactions
of the Yukawa [23], Gaussian [23], delta [23] and surface delta [24] types,
as detailed in various textbooks [4,5,23], have played a significant rôle in
the evolution of shell model calculations. The restrictions and symmetries
imposed on the TBME by a given analytic function and radial dependence
introduce deficiencies in the energies (pairing, level density) and electromag-
netic transition rates (configuration mixing) calculated in the shell model
application. Another type of schematic interaction is widely used in mean
field calculations employing the HF method (Sect. 1.1), namely the Skyrme
[25] and Gogny forces [26]. They have been successfully used to calculate such
gross properties as masses, shapes, radii, level densities and single particle
energies (Sect. 1.1), but have been scarcely applied to detailed shell model
spectroscopy.

Realistic interactions are inferred from experimental nucleon-nucleon (NN)
scattering data via effective NN potentials fitted to the data [27–30]. In the
standard many-body approach the NN interaction VNN is used to calculate
the G-matrix [31–33] which is needed to eliminate the strong repulsive core
in VNN . In a second step for a given space of occupied and empty scatter-
ing orbitals core polarisation contributions to the TBME are calculated up
to a given order of diagrams [33]. The occupied and scattering states are
defined by a doubly-magic core serving as reference for the shell model cal-
culation. This method introduces a mass (A) dependence in the extracted
TBME, thus requiring a new calculation for every new core nucleus. Though
it was never proven rigorously that the procedure converges, the renormalised
G-matrix TBME gives an extremely good description of energy levels near
closed shells. Unfortunately reliable SPE cannot be obtained in this way and
therefore are taken from experiment (Sect. 1.1). Recently a method was de-
veloped to eliminate the hard core repulsive (high momentum) contributions
to VNN directly [34]. The resulting smooth and non-singular V low−k can
then be used to calculate core polarisation corrected TBME carrying no A
dependence. Large-scale shell model calculations have revealed that in spite
of the excellent results near closed shells realistic interactions fail to repro-
duce binding energies and the evolution of single particle structure from one
closed shell (CS) to the next (CS ± 1). The reason is two-fold:

• experimental SPE are affected by particle-hole (ph) excitations across the
closed shell which fade away or change character in moving through the
shell;

• a more fundamental deficiency is the neglect of three-body forces as their
inclusion is beyond present computational power.

As the evolution of SPE throughout a shell is determined solely by the
monopole part of the interaction (Sect. 5), this deficiency can be cured by
adding a constant to the diagonal TBME in each multiplet. This correc-
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tion has been proven extremely successful in the (1s, 0d) [6,35] and (1p, 0f)
shell [7,36].

As a general rule it should be noticed that any effective interaction is
valid only for the model space used in its derivation (and if necessary for the
truncation scheme employed). Any change in model space and/or truncation
requires (and justifies) a renormalisation of the residual interaction.

1.3 Observables and Effective Operators

The diagonalisation of the hamiltonian matrix besides the observable energy
provides the non-observable wave function, which in turn can be used to
calculated other observables, such as spectroscopic factors, electromagnetic
and β-decay transition rates and static moments [37]. The shell model cal-
culation is optimised to reproduce binding energies and level schemes, which
in principle can be achieved with different combinations of interaction and
model space (Sect. 3). The corresponding wave functions have generally little
overlap and consequently observables probing only specific parts of the wave
functions will be calculated with largely deviating values. For example in a
single-j proton (or neutron) shell parity changing γ-ray transitions and, not
so trivial (Sect. 2.1), M1 transitions between states of different seniority are
strictly forbidden. Likewise in a single-j proton-neutron shell only a small
portion of the Gamow-Teller (GT ) strength, the diagonal l, j → l, j part, not
the dominating l, j → l, j±1 spin-flip part is different from zero. The general
rule is:

What is not in the model space cannot be calculated reliably.

It is obvious from these examples that the effective operators entering cal-
culations of observables other than energy are subject to considerable renor-
malisation depending on the available model space. The most commonly used
one-body operators electric quadrupole (E2) [4,5,23], magnetic dipole (M1)
[4,5,23] and Gamow-Teller (GT ) [4,5,23,38,39] will be discussed in more de-
tail. The renormalisation is state (orbital) and energy dependent and could
be performed in a similar way as for the TBME. This has been demonstrated
for the E2 operator [40,41]. Alternatively single particle reduced matrix el-
ements of any one-body operator OσL can be fitted by the χ2 method to
experimental data. Similar to the two-body operator (Sects. 1.2 and 2.1) the
reduced matrix element of any one-body operator in a many-particle config-
uration can be decomposed into a sum over single particle matrix elements
(see Sect. 2.1 and [4]):

〈Iα
∣
∣
∣
∣OσL

∣
∣
∣
∣ I ′α′〉 =

∑

jαj′α′
c1(l, j, I, α, l′j′I ′α′)〈lj

∣
∣
∣
∣OσL

∣
∣
∣
∣ l′j′〉 (6)
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After elimination of phase space factors the reduced transition strength is
given by:

B(OσL; I ′α′ → Iα) =
1

2J ′ + 1
〈Iα
∣
∣
∣
∣OσL

∣
∣
∣
∣ I ′α′〉2 (7)

[4,5,23] (see also [38] in this volume). In (6,7) (σL) specify the multipolarity L
and the intrinsic parity σ of the operator, (l, j) the orbital and (Iα) the state
for initial (primed) and final state with α specifying any additional quantum
number. The coefficients c1 are calculated from the amplitudes of the con-
figurations composing the wave functions, by angular momentum recoupling
and decoupling single particles from n-particle configurations making use of
coefficients of fractional parentage [cfp], which maintain antisymmetrisation
as detailed in shell model textbooks [4,5]. This fitting procedure was success-
fully applied to the (1s, 0d) shell [6]. In many cases it is sufficient to replace
the free nucleon coupling constants for protons (π) and neutrons (ν) charge
eπ, eν for E2 [4,5,23], g-factors gL

π , gL
ν , gS

π , gS
ν for M1 [4,5,23] and gA/gV for

GT [38] by their effective values, which are obtained by an overall fit to ex-
perimental values for a given model space. The contributions to the effective
operator can be split into a higher-order part, that is constant or weakly
dependent on mass A, and a strongly model space dependent part, that can
be minimized by choosing an adequate space.

For the E2 operator the higher-order (high momentum) term is due to the
giant quadrupole resonance, a ∆N = 2 ph-excitation with N specifying the
major harmonic oscillator quantum (HO) number [42–44]. It can be expressed
as a constant δeπ,ν added to the free-nucleon values eπ = 1 e and eν = 0.
Typical values are δeπ,ν � 0.5 e with a small isovector effect δeν −δeπ � 0.2 e
[42,43]. In shell model calculations comprising a full major HO shell as (0p),
(1s, 0d) and (1p, 0f) this choice of effective charge was found to account well
for the experimental data [6,16,45]. In medium-heavy and heavy nuclei it is
important to include all pairs of orbitals (N, l, j → N, l − 2, j − 2) that are
connected by stretched E2 transitions having large matrix elements. Such
are (πνf7/2 → p3/2) at 56Ni, (πνg9/2 → d5/2) at 100Sn, (νh11/2 → f7/2) and
(πg9/2 → d5/2) at 132Sn and (νi13/2 → g9/2) and (πh11/2 → f7/2) at 208Pb.
If this due to truncation is not possible large polarisation charges δe ≥ 1.0 e
are needed (Sect. 3.4).

The M1 and GT operators can be treated on the same footing as, apart
from the differing isospin part and the coupling constant, the GT operator
gA/gV (σ · τ) is proportional to the spin part of the M1 operator [38,46].
In this case the higher-order term of the renormalisation is due to second
order tensor correlations and admixtures from the ∆ resonance [6,45,46] and
amounts to an overall quenching factor gS

eff/g
S
free � 0.7 of the spin operator

[46] and correspondingly for gA/gV [45]. For the M1 operator the orbital
g-factor gL is changed by adding δgL � ±0.1 to the neutron and proton
free nucleon values gL = 0, 1, respectively [46–48]. To minimize the strongly
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model space dependent part of the renormalisation it is mandatory to include
all 0h̄ω spin-orbit partners in the model space.

In Sect. 3 typical examples for renormalised coupling constants will be
given for minimum and extended model spaces. Effective charges are also
discussed in Sect. 3.3 of [49] in this volume. Quenching factors for the GT
strength are given in Sect. 6.1 of [38] in this volume.

For electromagnetic transitions, besides natural units [as defined by the
coupling constant and radial dependence of the operator OσL in (7), namely
[e2fm2L] and [µ2

Nfm2L−2] for electric (EL) and magnetic (ML) transitions,
respectively], relative so-called Weisskopf units [W.u.] are used. They are
based on an estimate for the single-proton strength [5,50,51] and defined as:

BW.u.(EL) =
1
4π

(
3

L + 3

)2

R2Le2fm2L (8)

and

BW.u.(ML) =
10
π

(
3

L + 3

)2

R2L−2µ2
Nfm2L−2 (9)

with the nuclear mean radius R = 1.2 ·A1/3fm, the elementary charge e and
the nuclear magneton µN . For definition of B(GT ) see [38] in this volume.

1.4 Model Space, Truncation, Codes

In the previous sections the importance of choosing an appropriate model
space was emphasized. In practice, “no-core” shell model calculations in many
harmonic oscillator shells involving up to 5 h̄ω (A=12) resp. 50 h̄ω (A=4)
can be performed only in light nuclei (A≤12) [52,53] with the unrenormalised
G-matrix. For heavier systems an inert core has to be assumed and effective
residual interactions and operators as described in Sects. 1.2 and 1.3 have to
be employed. With modern shell model codes untruncated calculations within
in one HO shell can be performed for the 0p (N = 1,4 He − 16O), 1s, 0d (N =
2, 16O − 40Ca) and 1p, 0f (N = 3, 40Ca − 60Zn) shell. Inclusion of ph excita-
tions around shell closures and of intruder orbitals in jj major shells with
Z,N≥28 require truncation. This can be achieved in various ways:

• restriction of the number of shell model orbitals, sometimes called vertical
truncation;

• restriction of the ocupation number within a given set of single particle
orbits (horizontal truncation), which in high-j orbitals is often achieved
by seniority truncation [54] (Sects. 2.1 and 3.6);

• restriction according to importance of a configuration, e.g. by excluding
components with the least bound diagonal matrix elements from the di-
agonalisation [40] or by probing importance by Monte Carlo sampling
[55].
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The number of shell model codes developed in the past is abundant and their
power and capability is a true mirror of the progress in computer technology.
Only a few standard codes will be listed here to demonstrate the evolution
and state of the art in shell model calculations. Based on the many-particle
shell model theory exploiting Racah algebra and second quantisation as de-
veloped in the early 1960’s [56] the first codes were coupled ones maintaining
good angular momentum. A highly developed representative of this class is
RITSCHIL [57] which is still in use [58,59]. With increasing dimension the
number of non-zero hamiltonian matrix elements explodes and eventually
exceeds the limits of storage capabilities. In parallel, in the late 1970’s the
superior storage capabilities of m-scheme Slater determinants were exploited
to overcome this problem [60]. This development produced the widely used
code OXBASH [61] and culminated in ANTOINE [62,63] taking advantage
of the enormous progress in computer performance. Both codes, including
a variety of interactions in various model spaces are open for use and well
documented. The examples listed in Sect. 3 were mainly obtained with these
codes. Comparable efficiency is known to be achieved by the codes MSHELL
[64] and VECSSE [65]. The m-scheme reaches its limits with increasing di-
mension, which is substantially larger than in a coupled code. Therefore the
presently most powerful code NATHAN [62,63] uses angular momentum cou-
pling again. The present dimensional limitation is thus reached in the middle
of the 1p, 0f shell at 60Zn with 2.0 · 109 m = 0 configurations [66,67].

2 Empirical Shell Model

In the past the empirical shell model (ESM) has been frequently used to
interprete experimental data close to doubly closed (sub)shells, to extrapolate
features of nuclear structure within and between adjacent major shells and
to even make spin-parity and configuration assignments to states in exotic
nuclei [69–73]. The ESM is characterized by the following features:

• minimum model space, i.e. single j-shell, low-j subshells or few-particle
configurations;

• single particle energies (SPE) and two-body matrix elements (TBME)
from experimental interaction energies;

• no configuration mixing.

The latter restriction is released in small low-j model spaces as e.g. πν(0p)
(22 TBME, 4 SPE) [16], πν(1s0d) (78 TBME, 6 SPE) [6], πν (0f7/2) (16
TBME, 2 SPE) [17], or πν(1p1/2, 0g9/2) (26 TBME, 4 SPE) [18–20], where
a free fit of the shell model parameters including non-diagonal TBME to
experimental data is possible. The present limit of this method has been
reached with the πν(1p, 0f) model space comprising 195 TBME and 8 SPE
[21,22]. Assuming two-body forces the interaction energy (hamiltonian matrix
element) within and between any configuration is given by a sum over all pos-
sible TBME weighted by coefficients involving angular momentum coupling
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coefficients and coefficients of fractional parentage, which decouple the two-
particle wave functions from the remaining nucleons in the configuration [4,5,
56] maintaining antisymmetrisation. This is accomplished by Racah algebra
and is outlined in various textbooks where also useful formulae for practical
application are given [4,5,51]. The interaction of the valence particles with
the inert core is accounted for by adding their single particle energies, rep-
resenting the independent particle solutions of H0 in (2) of Sect. 1.1, to the
diagonal interaction.

In spite of its simplicity the ESM has been very successful in predicting
excitation and even binding energies. On the other hand the limited model
space and the neglect of configuration mixing have the consequence that
the wave functions have only marginal overlap with the “true” wave func-
tions, as e.g. the solutions of large-scale shell model (LSSM) calculations.
Consequently transition rates are reproduced only at the expense of largely
renormalised single particle operators for allowed transitions, and weak or
forbidden transitions often cannot be described at all (Sect. 1.3). In the fol-
lowing examples the simplicity and limitations of the ESM approach will be
outlined.

2.1 Seniority in jn Configurations

In a single-j shell configuration the methods outlined above result in this
expression for interaction energies:

〈jnαI |V | jnα′I〉 = nεjδαα′ +
∑

J′
c2(n, j, I, α, α′, J ′)〈j2J ′ |V | j2J ′〉 (10)

i.e. the matrix element is completely determined by the one- and two- particle
(hole) neighbours of the doubly-magic core nucleus yielding the SPE εj and
the TBME 〈j2J ′ |V | j2J ′〉. If one is not interested in total binding energies
the SPE can be ignored and the TBME can be replaced by the j2 excitation
energies in the two-particle (hole) neighbour nucleus. Additional quantum
numbers α are needed to distinguish between different Slater determinants
with identical spin I. The coefficients c2(n, j, I, α, α′, J ′) are tabulated in the
literature [74]. For j > 7/2 the most important additional quantum num-
ber is the seniority v which counts the number of nucleons not coupled to
J ′ = 0 pairs. Seniority imposes a few symmetry rules that can favourably be
exploited in nuclear structure applications [4,51].

• Excitation energies are independent of shell occupation n.
• Matrix-elements of even-tensor one- and two-particle operators change

sign in midshell, i.e. they vanish for n = (2j + 1)/2.
• Odd-tensor one- and two-particle operators are diagonal in seniority.

It was shown that δ-interactions are odd-tensors [4], which in view of the
short-range nature of the nucleon-nucleon interaction stresses the importance
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of seniority conservation for nuclear structure calculations. This is frequently
exploited for truncation schemes in shell model codes (Sects. 1.4 and 3.6). As
a consequence of these symmetries for one-body operators and fixed seniority
v (6) simplifies to [4]

〈jnvI
∣
∣
∣
∣OσL

∣
∣
∣
∣ jnvI ′〉 =

2j + 1 − 2n
2j + 1 − 2v

〈jvI
∣
∣
∣
∣OσL

∣
∣
∣
∣ jvI ′〉; L = even (11)

= 〈jvI
∣
∣
∣
∣OσL

∣
∣
∣
∣ jvI ′〉; L = odd (12)

and with the help of tabulated [cfp] for v ≥ 3 and [cfp]≡ 1, J1 = j for v = 2

〈jvvI
∣
∣
∣
∣OσL

∣
∣
∣
∣ jvvI ′〉 = v

∑

J1

[jvI{|jv−1J1)jI][jv−1J1{|jvI ′)jI ′](−1)J1+j+I+L

×
√

(2I + 1)(2I ′ + 1)
{

j I J1
I ′ j L

}
〈lj
∣
∣
∣
∣OσL

∣
∣
∣
∣ lj〉 (13)

Equation (13) is generalised to n particles by replacing v with n and intro-
ducing additional quantum numbers v, α in initial (I ′), final (I) and (n − 1)
state (J1) [4]. As also all transition matrix elements and moments are pro-
portional to the same single particle matrix element 〈lj

∣
∣
∣
∣OσL

∣
∣
∣
∣ lj〉 for a

given nucleus they are related by factors depending on (v, I, I ′, L) only.
This has been exploited in the past to relate seniority isomers (v, Imax)
B(E2; Imax → Imax − 2) to quadrupole moments Q(v, Imax) in order to
calibrate the quadrupole coupling constants in hyperfine experiments [37,75].
For a fixed j and seniority v the maximum configuration spin is given by
Imax = v(j − (v − 1)/2).

In Fig. 2 features of the seniority scheme are demonstrated for the N=50
isotones between 90Zr and 100Sn. The proton model space is π(1p1/2, 0g9/2)
(see Fig. 1) and the SPE and TBME are taken from one of the numerous fits
to experimental data [19] (see also [18,20]). The additional p1/2 orbit intro-
duces only a small distortion of the pure g9/2 seniority scheme, nevertheless
all empirical interactions in this model space are seniority conserving [18–20].
In Fig. 2a the experimental and ESM levels are shown for lowest seniority
v = 2, 3, respectively, and selected v + 2 states. The constancy of excita-
tion energies with identical v is clearly visible. Only the v = 0 ground state
is lowered with increasing distance from the doubly-magic 100Sn due to pair
scattering from the p1/2 and the f5/2, p3/2 orbitals, which latter are from out-
side the model space. It is obvious that this effect is partly accounted for as
the TBME fit included mainly nuclei in the lower πg9/2 shell since the heavier
isotones were not known at the time when the fit was made. This also explains
the increase in level deviations from 92Mo to 98Cd (see Sect. 3). Readjust-
ment of SPE and TBME with the knowledge of the exotic isotones results in
a greatly improved overall agreement [76]. In Fig. 2b the even-tensor E2 tran-
sition strengths B1/2(E2) are shown for transitions Imax, v → Imax −2, v′ for
|v − v′| = ∆v = 0, 2. Besides the ESM results the pure gn

9/2 values according
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Fig. 2. Experimental (•,◦) and ESM (lines) lowest-seniority v = 2, 3 and selected
v+ 2 levels for even- and odd-A N=50 isotones 92Mo to 98Cd (a) and E2 strengths
B1/2(E2; Imax → Imax −2) with ∆v = 0, 2 (b). Open symbols refer to dashed lines

to (11) are given, too. An effective E2 charge eπ = 1.52 e is used, which fits
best the experimental data. The symmetry around midshell is distorted due
to a p1/2 pair scattered to g9/2 giving rise to premature filling of the orbit.
The discrepancy for the midshell nucleus 95Rh is worth mentioning. As for
the half-filled shell the 21/2+, v = 3 → 17/2+, v = 3 should be small or zero,
one would expect only a strong 21/2+, v = 3 → 17/2+, v = 5 transition (see
level scheme Fig. 2a). Experimentally, however, both branches are observed
with comparable strengths (Fig. 2b). This cannot be explained by mixing
within the model space as due to the seniority conserving interaction odd-
and even-tensor two-body matrix elements vanish in midshell (see symmetry
rules above and [71]). Therefore core excitation beyond the present model
space is the only possible reason. Indeed this was proven recently in large-
scale shell model calculations in the (gds) model space and interaction [77]
(Sect. 3.4), yielding values of 0.4 and 4.0 W.u. for the forbidden ∆v = 0 and
the allowed ∆v = 2 transitions, respectively.

Finally in none of the N=50 isotones above 90Zr a ∆v = 2 M1 odd-tensor
transition is observed experimentally between states in the minimum model
space [78]. This nicely demonstrates the symmetry relations listed above.

As another example νgn
9/2 states in Ni isotopes beyond N=40 are shown

in Fig. 3a. Single particle energy and the νg2
9/2 TBME are extracted from

binding [79] resp. excitation [80] energies in 68,69,70Ni assuming 68Ni to be a
reasonable core nucleus (see Sects. 3.3 and 5.3 for further discussion). They
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Fig. 3. Experimental and ESM level schemes for 72Ni (a) and 71Cu employing the
empirical TBME shown in (b)

are shown in Fig. 3b with their absolute values, which slightly differ from
those given in [70] due to updated input data. The results for 72Ni show a
striking difference as compared to the valence mirror N=50 isotones (Fig. 2).
The seniority v = 4, 6+ state is predicted below the 8+ allowing for a fast
B(E2) which destroys the isomerism observed in 70Ni [80,81] and in the va-
lence mirror 94Ru (Fig. 2). This difference can be traced back to the J = 2
TBME, which is more strongly bound and enters the v = 4 interaction ener-
gies in (10) with a large weight c2(4, 9/2, 6, v = 4, 2) [74]. The experimental
data from a recent β-decay experiment shown in Fig. 3a support this scenario
based on the seniority scheme [80].

Further examples for the seniority scheme in largely isolated jn shells can
be found in the πνf7/2 [17], νh11/2, Z=50 [82], πh11/2, N=82 [83] and πh9/2,
N=126 [84] nuclei.

2.2 Three and More Particles in Non-equivalent Orbitals

For particles in non-equivalent orbitals (10) is modified and the general case
of configurations jn1

1 jn2
2 treated in the literature [4] will be exemplified in the

following for n1, n2 = 1, 2. The interaction of a nucleon j2 with a configuration
jn
1 is given by

〈jn
1 (α1J1)j2I |V | jn

1 (α′
1J

′
1)j2I〉 = n

∑

α11J11

[jn
1 α1J1{|jn−1

1 (α11J11)j1J1]

×[jn−1
1 (α11J11)j1J ′

1|}jn
1 α

′
1J

′
1]
√

(2J1 + 1)(2J ′
1 + 1)

∑

J′
(2J ′ + 1)

{
J11 j1 J1
j2 I J ′

}

×
{
J11 j1 J ′

1
j2 I J ′

}
〈j1j2J ′ |V | j1j2J ′〉 (14)
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Fig. 4. Experimental and ESM level schemes for the A=211 isobars of the elements
At, Po, Bi and Pb

where the [cfp] ≡ 1 for n = 2. For the total interaction energy (diagonal
matrix elements) the SPE and the jn

1 energy c.f. (10) have to be added.
In Fig. 3b ESM results c.f. (14) for 71Cu in the configuration πp3/2νg

2
9/2

using the TBME as deduced from 70Ni and 70Cu [70] are compared to ex-
periment yielding excellent agreement. In Fig. 4 ESM predictions for the
three-particle A=211 isobars of At, Po, Bi and Pb with dominant configura-
tions πhn

9/2νg
3−n
9/2 , n =Z-82 are shown and found to provide good predictive

power for the experimentally poorly known 211Pb. The predicted M3 iso-
merism awaits experimental verification. The ESM model space includes also
the πf7/2 and νi11/2 orbits which prove to be essential for the high-spin states.

For more than two active orbitals the mutual interaction can be reduced
to interaction energies between all combinations of two orbitals, as e.g. for
three groups

〈(J1J2)J ′, J3; I |V | (J1J2)J, J3; I〉 =
∑

J13

(−1)J′+J
√

(2J ′ + 1)(2J + 1)

×(2J13 + 1)
{
J1 J2 J ′

I J3 J13

}{
J1 J2 J
I J3 J13

}
V (J1J3J13) +

∑

J23

√
(2J ′ + 1)(2J + 1)

×(2J23 + 1)
{

J2 J1 J ′

I J3 J23

}{
J2 J1 J
I J3 J23

}
V (J2J3J23) + δJJ′V (J1J2J) (15)
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Fig. 5. Core excited isomers in 54Fe (experiment) and one major shell higher in
98Cd as predicted by ESM. For comparison LSSM results in the (gds) space are
given, too (Sect. 3.4). Between 3 and 6 MeV the energy scale is cut by 2 MeV

with short notations Ji for groups of ni particles in orbit ji and V (JiJkJik) =
〈jni

i αiJi jnk

k αkJkJik |V | r.h.s.〉. If angular momentum coupling allows more
than one J value a diagonalisation is required. For n1 = n2 = n3 = 1 and
stretched coupling to maximum spin J and I the r.h.s. of (15) becomes the
sum of the three maximum spin TBME V (j1j2(j1 + j2))+V (j1j3(j1 + j3))+
V (j2j3(j2 + j3)).

To demonstrate the predictive option towards exotic nuclei in Fig. 5 the
two-proton hole nuclei in 56Ni and 100Sn, 54Fe and 98Cd, are compared in
ESM predictions for core excited isomers. The respective configurations are
πf−2

7/2νf
−1
7/2p3/2 and πg−2

9/2νg
−1
9/2d5/2 which differ by one major shell (Fig. 1).

Clearly the known Iπ=10+ isomer in 54Fe has its Iπ=12+ counterpart in
98Cd, which was identified recently [85]. The TBME for 98Cd are taken from
90Nb for πg9/2νg

−1
9/2,

92Nb for πg9/2νd5/2, 90Zr for νg−1
9/2d5/2 and 98Cd for

πg2
9/2. Experimental ph TBME were converted to pp by using (16)

(Sect. 2.3).
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2.3 Particle-Hole Conjugation

The symmetry of level energies and transition strengths with respect to the
middle of a single j shell, i.e. the equivalence of particles (p) and holes (h) is
demonstrated in Sect. 2.1 and Fig. 2. In spectroscopy application this provides
a sound extrapolation from known regions close to stability to exotic nuclei,
as e.g. from 92Mo to 98Cd in Fig. 2. The equivalence of pp and hh interactions,
i.e. except for single particle (hole) energies due to different core nuclei, holds
also for configurations of non-equivalent nucleons and orbitals. For different
ph character of the nucleons the ph and pp (or the identical hh) TBME are
related by [4,51]

〈j1j2J |V | j3j4J〉 = −
∑

J′
(2J ′ + 1)

{
j4 j3 J
j2 j1 J ′

}
〈j2j−1

3 J ′ |V | j4j−1
1 J ′〉 + C (16)

The additive constant C is given by the monopole part of the j1j2 interaction
(see Sect. 5) and can be absorbed in modified single particle (hole) energies.
The swapping of the coupling sequence is of no concern for diagonal TBME,
for non-diagonal it should be remembered that |j1j2〉 = (−)j1−j2 |j2j1〉. In
Fig. 6a the ph transformation is shown for the πg9/2νd5/2 pp multiplet in 92Nb
towards the ph nucleus 96Nb. The excellent agreement with the experimental
96Nb levels proves the doubly-magic features of both 90,96Zr at Z=40, N=50
and N=56, respectively. Note that in this configuration the levels in 100In

Zr
Nb
Mo
Tc
Ru
Rh
Pd
Ag
Cd
In
Sn

92

104

40

50

96

100

50 56

p g

n d5/2

9/2

0

1

2 3 4 5 6 7 I

(a)

Nb
p g n d

Nb
p g n d

92

9/2 5/2

96

9/2 5/2
-1

M
eV

0

1

0 1 2 3 4 5 6 7 8 9 10 I

(b)

Bi SM
EX

Bi
p h n g n i

Bi
p h n g n i

210

9/2 9/2 11/2

218

9/2 9/2
-1

11/2

M
eV 210 218

82

126 136
Tl
Pb
Bi
Po

n g n i

p h9/2

9/2 11/2

Fig. 6. Particle-hole conjugated spectra for 92,96Nb πg9/2νd5/2 (a) and 210,218Bi
πh9/2νg9/2 (b). The full points in 218Bi result from ph transformation of experi-
mental 210Bi levels
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(ph) and 104In (hh) should be identical to 96Nb (ph) and 92Nb (pp ≡ hh),
respectively. This is not observed in experiment as the neutron d5/2 orbit,
energetically isolated at Z=40, is highly distorted by the almost degenerate
g7/2 at Z=50 (see Figs. 1 and 16d). In Fig. 6b the predictive power of the
ph transformation is exploited for the πh9/2νg9/2 multiplet beyond 208Pb.
The 210Bi pp multiplet translates into the largely unknown exotic 218Bi ph
spectrum, assuming the πh9/2 and νg9/2 orbits to be undistorted by the
neighbouring πf7/2 and νi11/2 subshells. Experimentally the ground state
of 218Bi was suggested recently to have Iπ = (8−) in agreement with the
prediction [86].

Single particle matrix elements of one-body irreducible tensor operators
of rank L under particle-hole conjugation reproduce themselves up to a phase
factor

〈j−1
∣
∣
∣
∣OσL

∣
∣
∣
∣ j′−1〉 = (−)L+1〈j

∣
∣
∣
∣OσL

∣
∣
∣
∣ j′〉 (17)

c.f. (11,12) for the special case j = j′, v = 1 and n = 1, 2j, respectively.
While the examples presented so far require only little computational

effort, it is advisable in more complicated configurations to make use of handy
standard codes such as e.g. OXBASH (Sect. 1.4).

3 Shell Model Applications

Nuclear shell model calculations have been performed in a large number of
systems throughout the Segré chart. Starting from the early empirical ap-
proach (ESM) (Sect. 2) and restriction to the close neighbours of doubly-
magic nuclei untruncated calculations are now possible within one major HO
shell for N = 1−3 up to A=70. This enables for the first time the decoupling
of the truncation and the interaction problems. For the upper part of the
N = 3 and any higher shell restrictive truncation is mandatory even close
to magic numbers as the highest-spin intruder orbital from the N + 1 shell
has to be included due to the increasing spin-orbit splitting. This raises the
problem of spurious states; Iπ = 1− states arising from the center of mass
motion of the nucleus without any structural relevance. It affects of course
every calculation at the borderline of two adjacent HO shells even in light
nuclei. Another problem arises from the fact that realistic interactions valid
for two adjacent HO shells cannot be derived reliably. This has hampered
the predictive power of the shell model especially for the evolution of shell
structure. In this section a few examples for success and failure of shell model
results, mainly for exotic nuclei across the Segré chart, will be discussed to
demonstrate the present status of the spherical shell model approach.

The accuracy of a shell model calculation is difficult to assess, as it is
a complex mixture of systematic uncertainties due to model space, trunca-
tion and interaction used. In case of fitted SPE and TBME the statistical
uncertainties play a significant rôle, too. As a measure for the agreement
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of experiment and theory very often the mean level deviation (MLD) is
used [19]:

MLD =

[
1
n

n∑

i

(EEX
i − ESM

i )2
]1/2

(18)

where n is the number of states compared. In the fitting procedure of TBME
MLD is replaced by a proper χ2 considering degrees of freedom and statis-
tical weight of the addends [19]. As example for the spectra shown in Fig. 2
the MLD values for 92Mo, which was included in the TBME fit, and 98Cd,
which was unknown at the time of the fit, are 35 keV and 170 keV, respec-
tively. The numbers change to 80 keV and 150 keV, when SPE and TBME
are varied randomly within their uncertainties. Typical MLD values in the
πν(p1/2, g9/2) model space are between 100 keV for N=50 and 250 keV for
N=47 [87].

3.1 The N=2 (1s,0d) Shell: 16O - 40Ca

Nuclei in this shell are well described with the universal interaction USD as
inferred from a fit to experimental data [6]. Results for levels, binding ener-
gies, effective E2,M1 and GT operators are reviewed in [6]. Even quadrupole
degrees of freedom are accounted for (Sect. 4.1). A challenge to the shell
model is provided by the experimentally observed shell quenching at the
neutron rich N=20 border [88] as discussed in Sects. 4.1 and 5.3 and by
the recently established superdeformation in 36Ar [89]. Both phenomena re-
quire consistent inclusion of the (1p, 0f) orbitals in model space and interac-
tion [22].

3.2 The N=3 (1p,0f) Shell: 40Ca - 48Ca - 56Ni

With modern codes like ANTOINE and NATHAN (Sect. 1.4) nearly or fully
untruncated shell model calculations can be performed up to 60Zn, where
the maximum number of configurations is reached. A number of interactions
could therefore be derived and adjusted for this model space, the most com-
monly used are KB3 [7,36], FPD6 [21] and more recently GXPF1 [22], the
latter, however, derived by use of the Monte Carlo shell model method [90].
Interactions of the KB3 family are based on a realistic G-matrix [31] with a
proper monopole correction that, starting from 40Ca, transports the single
particle energies and shell gaps to 48Ca and 56Ni. The pure and uncorrected
G-matrix would produce a collapse of the N=28 gap in 48Ca and a deformed
g.s. in 56Ni independently of the specific type of NN potential [63]. The FPD6
and GXPF1 interactions are fits of the 195 TBME and 4 SPE to experimental
data. Because of the large number of parameters either a model interaction,
e.g. a G-matrix, is used as a starting point (FPD6) [21] or linear combinations
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Fig. 7. Convergence of the LSSM results for low-spin states in 60,62Zn with trun-
cation level t (number of ph excitations across 56Ni) [66]

of TBME are fitted (GXPF1) [22] to avoid ambiguities in badly determined
TBME values. In the lower shell between 40Ca and 56Ni excellent agreement
with experiment is achieved for levels, electromagnetic and GT transition
rates [36,45,91–93]. Especially the mid f7/2 quadrupole deformation phenom-
ena including band crossing are well accounted for (Sect. 4.2). The accuracy
of the wave functions has reached a level where Coulomb energy differences
(CED) in T = 1/2 mirror nuclei [94] and T = 1 isobars [95] can be anal-
ysed. The application of LSSM wave functions as a spectroscopic tool yields
configuration assignments to rotational bands, band crossings [94] and ra-
dius information for individual high-spin states [96]. Besides electromagnetic
properties GT decay rates and distributions [36,45,93] are well described us-
ing effective operators as discussed in Sect. 1.3. The importance of firm GT
distribution and strength predictions for astrophysical nuclear synthesis net-
work calculations is discussed in Sects. 4.1 (Fig. 5) and 6.2 (Fig. 12) of [97]
in this book.

The jj coupling doubly magic 56Ni has been studied in detailed LSSM
calculations [77,98]. Its g.s. was found to be closed shell to 50 - 65%. The con-
vergence of the shell model results with increasing number t of ph excitations
included (t = truncation level) has been investigated yielding convergence
for the Iπ = 2+ excitation energy at t=7-8. Other properties like B(E2)
values, definitely in nuclei with valence nucleons outside the 56Ni core seem
to converge faster. Examples for Ni isotopes are shown in Fig. 11 in com-
parison to 100Sn, one major shell higher [77]. In Fig. 7 the convergence for
low-lying states in 60,62Zn is shown [66], the (1p, 0f) nuclei involving the
maximum number of configurations at t=16 with respect to 56Ni. Clearly at
t=6 convergence is already reached.
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As in the N = 2 HO shell (Sects. 3.1 and 4.1), a deformed 4p4h band in
56Ni found experimentally [99,100] is reproduced in LSSM calculations [101,
99], whereas superdeformed bands require full account is taken of the g9/2
orbital which is still beyond present computing capabilities.

3.3 The N=3 Plus Intruder Shell: 48Ca - 56Ni - 78Ni

Due to the weak Z,N=40 HO shell, a consequence of the increasing spin-
orbit splitting, shell model calculations in the upper (1p, 0f) shell require
inclusion of the N = 4 intruder 0g9/2. At N=Z, where protons and neutrons
have to be treated on the same footing, truncation limits meaningful shell
model calculations to 64Ge at N=Z=32 well below the region of coexisting
deformed shapes at N,Z=36-40. Therefore the following discussion will be
restricted to stable and neutron-rich nuclei beyond N=28 in the triangle
48Ca - 56Ni - 78Ni, where the νf7/2 orbit can be regarded as filled. Extension
of the standard (p, f) interactions as KB3 to the g9/2 orbit are hampered by
the fact that monopole corrections are ambiguous since single particle/hole
states around 78Ni are not known. Calculations are essentially limited to
the semi-magic Ca and Ni isotopes and the N=28 isotones and their closest
neighbours. Key topics in this region are the weakness and disappearance
of the N=40 shell around 68Ni, appearance of a new N=32,34 closure in Ca
isotopes, which will be discussed in detail in Sect. 5, and the persistence of
the N=50 shell in 78Ni [80,102–104]. It is worth mentioning here that different
interactions as e.g. KB3, FPD6 and GXPF1 give different answers to these
topics [105]. In Fig. 8 the excitation energies and B(E2; 2+ → 0+) transition
strengths in the Ni isotopes are compared to shell model calculations [106,
107]. At N=40 a large E2+ and a small B(E2) indicate a shell closure at
68Ni. The one- and two-particle neighbours can be described in simple shell
model configurations [70,108,109], while the hole neighbours cannot [110,111]
(Sect. 5.3). The 2n separation energies S2n do not show any shell effect at
N=40 [109]. The explanation for the apparent shell closure is two-fold: (i) the
parity change from the (p, f) to the g9/2 orbit requires an 2p2h excitation
to build a 2+ state , which cannot decay back to the g.s. due to particle
forbiddance for the one-body E2 operator [109]; (ii) shell model calculations
in the full ν(1p, 0f5/2, 0g9/2) space show that L = 0 pair scattering across
N=40 is responsible for the missing effect in S2n [106] as shown in the upper
panel of Fig. 8 (see also Sect. 3.6). The rôle of this weakening of the N=40 shell
for modelling astrophysical core collapse supernovae is stressed in Sect. 6.3
of [97]. Recently it was shown that there is a large E2 strength in 68Ni above
4 MeV [112] in agreement with earlier mean field results [113]. This excludes
existence of a substantial (sub)shell closure. On the other hand the small
E2+ and large B(E2) to the g.s. in Zn and Fe isotopes are well accounted
for in LSSM calculations [107,114]. The shell driving mechanism causing the
evolution of deformation around 66Fe is discussed in Sect. 5.3. As L = 0 pair
scattering preserves seniority (Sect. 3.6), Iπ=8+ isomers should be observed
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in the 0g9/2 shell beyond N=40. They were identified in 70Ni [81] and 76Ni
[102], but in contrast to the N=50 valence mirror nuclei 92Mo - 98Cd (Fig. 2)
their existence can be excluded for 72,74Ni [80]. The empirical shell model
in spite of the weak N=40 shell gives a straightforward explanation (Fig. 3).
Due to the small 2+ − 0+ energy difference, identical to the empirical TBME
difference, the seniority v =4, 6+ state moves below the 8+ state enabling a
fast E2 transition [80,103]. It should be noted that the LSSM results (Fig. 8)
cannot account for the small E2+ . The reappearance of the isomer in 76Ni,
however, is strong evidence for the persistence of the N=50 shell in 78Ni [102].

3.4 The N=4 Plus Intruder Shell: 80Zr - 100Sn - 132Sn

Like its lighter analogue 56Ni one major shell lower, the doubly magic 100Sn
jj shell closure divides the N = 4 HO shell in two subspaces, the lower
consisting of 0g9/2 and the N = 3 intruders (1p, 0f5/2) for neutron number
N≤50 and the higher (1d, 0g7/2, 2s1/2), (gds) in short notation, complemented
by the N = 5 0h11/2 intruder for N≥50. Restrictive vertical truncation has
to be applied even for the most powerful codes, therefore the most common
interactions listed below are given with their respective model space.

In the lower part of the shell a number of empirical interactions were
derived for the πν(1p1/2, 0g9/2) [18,19], the π(1p1/2,0g9/2) [20,115] and the
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π(0f5/2, 1p, 0g9/2) [116] model spaces. Realistic interactions were developed
for the πν(0f5/2, 1p, 0g9/2) [40] and the π(0f5/2,1p, 0g9/2) [117] subspaces.
In the upper part of the shell above N=50 empirical [118,119] and realistic
[120,121] interactions were derived for the π(1p1/2, 0g9/2) ν (gds, 0h11/2) sub-
space, which properly scaled (Sect. 3.5) can be employed below 132Sn, too.
To include neutron core excitations across N=50 the lower shell empirical
interactions have been extended by the remaining (gds) orbits [122], and a
very successful set of realistic TBME was determined for the πν(gds) model
space [77].

The empirical interactions were shown to work extremely well for level and
binding energies in the πν(1p1/2, 0g9/2) model space [87,123]. As an example
in Fig. 9 experimental and ESM level systematics for N=48 isotones are
compared [124]. The agreement in the pattern for known experimental data
is so striking that the ESM may be used as a spectroscopic tool for spin-parity
assignments in more exotic nuclei [124]. In a close-up view the ESM exhibits
the deficiencies discussed in Sect. 2 and towards the end of the model space
at high spin large deviations occur even for level energies. A very sensitive
probe for interaction and configuration space limitation are high-spin yrast
traps, which were abundantly predicted [125] for the πν(1p1/2, 0g9/2) space
due to the large overlap and strong πν interaction in high-spin configurations.
Only recently many of them were experimentally identified in N≤50 Pd [126,
127], Ag [124,128,129] and Cd [85] isotopes. As an example the β-decaying
record spin Iπ=21+ isomer in 94Ag is chosen [124,128] (see also Sect. 9.2 of
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[38] in this volume). In Fig. 10 the isomeric parent states in 94Ag and the
daughter states in 94Pd are compared to ESM and LSSM results. The ESM
works generally well but fails to predict the isomerism of the 21+ state ,
which has the highest possible spin in the (1p1/2, 0g9/2) model space. The
LSSM in the πν(gds) space including up to 4p4h excitations of the 100Sn
core (t=4) reproduces the isomerism [124]. As mentioned in Sect. 1.3 the
ESM will not be able to account for the dominating πg9/2 → νg7/2 part
of the GT distribution [78] as only the diagonal πg9/2 → νg9/2 conversion
belongs to the model space. Hence severe renormalisation is required [123,
124], whereas the LSSM in the (gds) space will fully account for the GT
decay.

To further investigate the rôle of core excitations 100Sn and its neighbours
102Sn and 98Cd provide the appropriate test ground. In Fig. 11 the LSSM
results for E2+ and some characteristic B(E2) values in 100−104Sn and the
corresponding Ni isotopes are shown with their dependence on the truncation
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level t and compared to experimental data. The (gds) space and interaction
are used with polarisation charges δeπ,ν = 0.5 e [77]. The analogy between
the two N=Z shell closures is striking, so that the convergence behaviour
with t can be extrapolated from 56Ni to 100Sn, where the computational
limit is t=4. As mentioned in Sect. 3.2, t=7-8 would be appropriate for both
regions to reach convergence for the collective Iπ=2+ observables, while the
Iπ=6+ isomeric E2 decay strengths [130,131] are already reproduced at t=4.
It should be noticed for 58,60Ni and 102,104Sn that truncation to the valence
configurations above 100Sn (t=0) requires an unreasonably large polarisation
charge of δeν ≥ 1.5 e [103,130]. In the two-proton hole nucleus 98Cd the
LSSM calculation at t=4 accounts for the 8+ → 6+ E2 strength and a newly
identified core excited Iπ=12+ isomer [85] as predicted and shown in Fig. 5.

The LSSM results on E2 strengths open an interesting insight into the
microscopic nature of ph excitations and effective charges. In Sect. 2.1 it was
shown that in a single-j shell all E2 matrix elements are proportional to
each other, e.g. for the g8

9/2 configuration in 98Cd B(E2; 8 → 6):B(E2; 6 →
4):Q2(8) = 1 : 2.50 : 38.3. The LSSM results preserve these ratios at all
levels of truncation within ∼1 %. This supports the idea of valence nucleons
“dressed” by ph excitations and the concept of an effective charge. Another



Shell Model from a Practitioner’s Point of View 57

interesting result can be inferred from the comparison of the t=0 and t=4
B(E2; Imax → Imax − 2) values for the proton and neutron valence nuclei
98Cd (Imax = 8) and 102Sn (Imax = 6), commonly believed to have rather
pure configurations and to be well converged at t=4 (Fig. 11 and [85]). The
apparent theoretical polarisation charges are δeπ = 0.86 e and δeν = 1.70 e.
The large isovector effect is due to the empirical fact that valence protons
(neutrons) are mainly polarised by neutron (proton) core excitation as can
be inferred from inspection of the wave functions. The extracted values agree
with the empirical ratio δeν � 2δeπ found for CS nuclei 90Zr [132], 132Sn
[133], 146Gd [69] and 208Pb [68] assuming pure valence configurations.

In the Z≤50, 50<N≤54 region numerous shell model calculations were
performed with various interactions [118,119,121] for Pd-Sn isotopes and in
spite of drastic truncation good agreement was found for the spectroscopy
using properly renormalised operators. Typical examples are high-spin states
in 104Sn [131], 102−104In [134], 100Cd [135], 99Cd and 101In [121], which include
core excitations, and the GT β-decay of 100In [136] and 97,98Ag [137,138] (see
also Sect. 7.2 of [38] in this volume).

Towards 132Sn calculations were performed for the neutron-rich Sn [139]
and In [140] isotopes. Recently in the region of astrophysical importance for
the r-process Z<50, N≤82 β-decay rates were calculated in the π(1p1/2, 0g9/2)
ν(gds, 0h11/2) space [141] (see Sect. 7.1 of [97]). With the increasing capability
of LSSM codes and experimental progress this region will soon be in the center
of interest.

3.5 The N=5 Plus Intruder Shell: 132Sn - 146Gd - 208Pb

This region is still inaccessible for LSSM calculations except for semi-magic
and CS ± 2 nuclei close to 132Sn and 208Pb. It therefore has been and still is
the domain for the ESM approach though realistic interactions are at hand
for 208Pb [142] and 132Sn [120,143]. Empirical TBME were extracted from the
neighbours of 208Pb, 132Sn and 146Gd, which at Z=64, N=82 shows features
of a doubly magic nucleus [144]. The problems arising from incomplete exper-
imental information on two-particle multiplets are greatly alleviated by an
empirical rule that relates diagonal TBME from different CS regions to each
other [73,145]. For stretched Jmax = j1+j2 and anti-stretched Jmin = |j1−j2|
states in a multiplet

TBME(N1l1j1, N2l2j2, J) =

(
AN±1

AN
)1/3TBME(N1 ± 1l1 ± 1j1 ± 1, N2 ± 1l2 ± 1j2 ± 1, J ′) (19)

with N, l, j labelling major HO shell quantum number, orbital and total an-
gular momentum of the orbitals and J = Jmin, Jmax, J ′ = Jmin, Jmax ± 2.
This requests that the respective radial wave functions have the same number
of nodes. The scaling factor takes care of the A-dependent different extension
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of the radial part of the TBME. As Jmax,min are different for the two shells
for intermediate J values an interpolation may be performed according to
the classical angle enclosed by j1 and j2 [5] as defined by:

cosΘ12 =
J(J + 1) − j1(j1 + 1) − j2(j2 + 1)

2[j1(j1 + 1)j2(j2 + 1)]1/2 (20)

A refined version of this interpolation accounts for the odd-even staggering
of TBME [51,146] and performs the procedure for J-even and J-odd states
separately. As TBME for the experimentally well known neighbours of 208Pb
are at hand the above relation has proven to be extremely useful for ESM
calculations around 146Gd [69] (including L = 3 phonon coupling, see also
Sect. 3.6) and 132Sn [145]. As an example for (19) the π0h9/2ν1g9/2 multiplet
of 218Bi (Fig. 6) can be related to the experimentally incomplete π0g7/2ν1f7/2
states in 134Sb [147].

3.6 The Z=82-126 Shell: Beyond 208Pb

The nucleus 208Pb is known from numerous experimental and shell model
studies as the most stable doubly-magic nucleus. It also is the heaviest CS
nucleus. Due to the large number of high-spin orbitals only highly truncated
(both vertical in the number of orbitals and horizontal in their occupation)
shell model calculations are possible. These are restricted to isotopic or iso-
tonic chains [148–150] or to the closest neighbours of 208Pb [151]. On the
other hand realistic interactions are at hand [142,149,150], which empirically
corrected account well for the spectroscopy of nuclei accessible to calculations
[150,151]. The ESM was widely used to describe high-spin yrast sequences
and isomerism with good success for level energies [68,152,153] (Figs. 4 and
6) and, of course, large corrections to effective one-body operators [68].

Elaborate versions of the shell model include pairing [84] and octupole
correlations [152]. The coupling of the L = 3 mode based on the Iπ = 3− state
in 208Pb to high-spin configurations explains the structural features of yrast
isomers close to the Z=82 and N=126 lines [152,154–157]. The microscopic
structure of collective states in 208Pb was investigated recently in a LSSM
study using a realistic interaction [158] in the 2p2h model space including 24
orbitals [159].

The merit of modern shell model codes like NATHAN was demonstrated
for the N=126 isotones Po - Pu [54]. The full proton space Z=82-126 com-
prising 6 orbitals with no truncation applied up to Z=91 (Pa) was used
together with a realistic interaction [142,151]. The neglect of ph degrees of
freedom, however, does not allow the description of L = 3 correlations. In
spite of this vertical truncation, g.s. binding energies, yrast level sequences,
E2 and pairing properties are excellently reproduced. In Fig. 12a the binding
energy differences between theory and experiment are shown, which indicate
high predictive power for nuclei beyond Z=90 (Th). The level schemes for all



Shell Model from a Practitioner’s Point of View 59

-100

0

100

0

2

4

6
0

20

40

60
Β

ΕE
X

- 
B

E
SM

[k
eV

]
[%

]

84 86 88 90 92 94 Z

n(
j)

h9/2

f7/2

i13/2

h9/2
n

(a)

(b)

(c)

g.s.

g.s.

Fig. 12. Binding energy difference to experiment (a), partition of the hn
9/2 config-

uration (n =Z-82) (b), and occupation of the h9/2, f7/2 and i13/2 orbitals (c) in
N=126 isotones

known isotones between Po and Th are in excellent agreement with exper-
iment (Fig. 13). The increasing 2+ energies indicate pairing correlations in
the g.s. due to pair scattering from the 0h9/2 to the 1f7/2 and 0i13/2 orbitals.
This is borne out in the occupation of these orbitals (Fig. 12b,c), yielding less
than 6 protons in the lowest 0h9/2 orbital at the predicted subshell closure
[160] in 218U, and only 5% of the 0h10

9/2 configuration. As the protons are
scattered in L = 0 pairs seniority is a good quantum number and provides an
efficient truncation scheme beyond Z=91 [54]. The delayed filling of the 0h9/2
orbit distorts the typical pattern of the B(E2) values between the 0hn

9/2 8+

and 6+ states, which should look as shown in Fig. 2b. The experimental val-
ues exhibit a delayed minimum corresponding to the half-filled orbit, which
is well reproduced by the calculation. Polarisation charges of δe = 0.5 e were
sufficient in contrast to to the ESM requiring δe � 1.0 e [68,133]. As expected
the lowest 3− level is not accounted for in this model space but rather the
3−
2 state as seen in 210Po (Fig. 13). In summary this first successful LSSM

approach in the N=126, Z=82-126 shell gives a promising perspectives for
moving into the N>126 shell.

4 Quadrupole Deformation
in Light and Medium-Heavy Nuclei

Since the SU(3) approach by Elliot and Flowers to (1s, 0d) shell nuclei [161]
the rigorous mapping of deformed states onto spherical shell model config-
urations was never persued in a satisfactory way. The now available LSSM
codes allow at least for an empirical proof that this is possible for nuclei up
to A=60. The mapping is limited to quadrupole degrees of freedom excluding
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superdeformation and octupole correlations as these involve more than one
major shell.

4.1 The 1s,0d,0f Shell: 24Mg and 32Mg

The (1s, 0d) shell provides a small and tractable model space to study the
evolution of deformation. Its maximum is observed at N=Z around the mid-
dle of the 0d5/2 shell in 24Mg, where protons and neutrons, with respect to
number, shell occupation, spatial overlap and the strongly binding T = 0
part of the TBME, interact in the most efficient way. In Fig. 14 the exper-
imental 24Mg level scheme is compared to shell model results obtained by
using different vertical truncation levels, namely pure 0d8

5/2, (0d5/2, 1s1/2)8
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Fig. 14. Experimental results for the g.s. rotational band in 24Mg, in comparison
to shell model predictions obtained under the truncation conditions of pure 0d8

5/2,
(0d5/2, 1s1/2)8 and full (1s, 0d)8, which are characterised as D5, D5S1 and SD,
respectively. The arrow widths give the B(E2) values in W.u. as calculated with
polarisation charges δeπν = 0.5 e

and full (1s, 0d) shell. It is obvious that within 0d8
5/2 the typical rotational

behaviour of excitation energies

EI =
h̄2

2J I(I + 1) (21)

with spin I and moment of inertia J cannot be reproduced. Inclusion of 1s1/2,
which is connected to 0d5/2 by a stretched (and strong) ∆l = 2 E2 transition
improves the agreement, but full account of the experiment is obtained only
in the complete shell. The importance of the 0d3/2 orbit, which in 16O is ≥
4.2 MeV above the 1s1/2 level (Fig. 1) increases with filling of the 0d5/2. As
discussed in Sect. 5 the proton-neutron monopole interaction between spin-
orbit partners reduces the effective s1/2 - d3/2 shell gap to ∼ 2.5 MeV in 40Ca
(Fig. 1) and even less in mid shell (Fig. 16 of [49] in this volume) enabling
increased mixing to support the evolution of deformation. Note the band
termination as indicated by level compression and reduced B(E2) strength.

Another shape driving phenomenon is observed [162] in chains of semi-
magic nuclei such as Sn (Z=50) and Pb (Z=82) isotopes [162–164] culmi-
nating at mid shell. It is ascribed to 2p2h excitations between adjacent HO
shells across the gap, which by coherent superposition of pairing and proton-
neutron interaction create low-lying band heads of prolate and oblate shapes,
which coexist with the spherical g.s. of a semi- magic nucleus [162]. In heavy
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nuclei the phenomenon is not accessible to shell model calculations. Therefore
it came as a surprise when the semi-magic N=20 nucleus 32Mg was found to
be deformed in its g.s. as measured by an enhanced 2+ → 0+ E2 transition
strength [88]. Clearly this could not be expected in a pure (1s, 0d) shell model.
Inclusion of the 0f7/2 orbit on the other hand can reproduce the experimental
result [165]. The underlying mechanism is the reduction of the ν0d3/2 - 0f7/2
shell gap upon removal of π0d5/2 protons below Z=14 (Sect. 5). As the ef-
fect is isospin symmetric the mirror nucleus 32Ca close to the proton dripline
should be deformed as well. This is further discussed below in Sect. 5.3 and
in Sect. 3.1 of [49] in this volume.

In conclusion, the evolution of deformation always requires, besides maxi-
mum number of interacting valence protons and neutrons in mid shell (nπ ·nν

scaling [51]), a shell driving mechanism. Another consequence is due to the
spherical - deformed shell model mapping: rotational bands are terminating
when the available maximum model space is exhausted.

4.2 The 0f,1p,0g Shell: 48Cr and 56Ni

It is an intriguing question whether the discussed shape phenomena can be
carried on to the next HO shell N = 3. The N=Z nucleus corresponding to
24Mg is 48Cr, which indeed exhibits a regular rotational band up to I = 16. It
is nicely reproduced in LSSM calculations regarding the full N = 3 shell [166,
167]. In Fig. 15 the angular momentum I is plotted vs. the I → I-2 γ-ray
transition energy, which is a measure for the rotational frequency ω [168].
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Fig. 15. Angular momentum alignment vs. rotational frequency (γ-ray energy) for
the 48Cr g.s. rotational band: experiment vs. shell model (SM) and mean field
results (CHFB) [167]
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According to (21)

Eγ

2
=

∂EI

∂I
=

h̄2

J (I + 1/2) = h̄ω (22)

as Ih̄ = Jω in the classical limit (I � 1). The backbend at I = 10, a typical
collective phenomenon of rotational nuclei, which is due to the alignment of
a pair of nucleons [168] and the band termination at I = 16 are perfectly
accounted for. It is the interaction of the stretched ∆l = 2, f7/2 - p3/2 pair
of nucleons that is essential for the collectivity [166] in exact analogy to the
(1s, 0d) shell (Sect. 4.1). The rôle of d3/2 is taken by f5/2 with a corresponding
decrease of the p3/2 - f5/2 gap from ∼ 4.0 MeV in 40Ca to ∼ 1.0 MeV in 56Ni
(Fig. 1) due to filling of the f7/2 proton and neutron shell. For comparison
the result of a semi-microscopic mean field approach, the cranked shell model
[168], is shown, which obviously fails to reproduce the experiment. The defi-
ciency of this model was traced back to the neglect of proton-neutron pairing
correlations [169], which are automatically accounted for by the shell model
TBME.

The N=40 isotone corresponding to the N=20 32Mg is 66Fe, where removal
of the first two f7/2 protons from the Z=28 CS in 68Ni should decrease the
f5/2 - g9/2 gap to enhance 2p2h excitations. Rigorous experimental evidence
is missing except for the extremely small E2+=673 keV in 66Fe [111] and the
recently assigned deformed shell model quantum numbers to states in the
odd-A neighbour 67Fe [170]. A more detailed discussion of the shell driving
monopole interaction is given in Sect. 5.

5 Evolution of Shell Structure

The shell structure as discussed and shown in Sect. 1 is not globally fixed for
the total Segré chart but subject to change with mass A, neutron excess (N-
Z)/A and shell occupation. The dependence on A as discussed in textbooks
[42,51] is due to the radial extension of the wave function and characterised
by a relative increase in binding for high-l orbitals [42]. Contrary increasing
neutron excess due to the softening of the Woods-Saxon shape of the neutron
potential causes a relative upward shift of high-l orbitals. This is accompanied
by a reduced spin-orbit (SO) splitting [171], which is proportional to the
spatial derivative of the central potential. Both scenarios depend smoothly
and only weakly on the driving parameters A and N/Z, hence a change of
shell structure requires extreme variations of their values. A third scenario
based on the monopole shift of selected shell model orbits will be discussed
in the following.

5.1 Monopole Shift of SPE

The propagation of SPE throughout a major shell apart from Coulomb effects
is governed by the monopole part of the residual interaction [4,36] as defined
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by

V m
jj′ =

∑

J

(2J + 1)〈jj′J |V | jj′J〉/
∑

J

(2J + 1) (23)

for a specific multiplet. Single particle energies at a closed shell (CS) and the
next higher shell closure (CS′) are related by

εCS
j = εCS′

j +
∑

j′
(2j′ + 1 − δjj′)V m

jj′ (24)

where j, j′ specify in short notation radial, orbital angular momentum, spin
and isospin quantum numbers of the nucleons and the sum runs over all
orbitals in the major shell. The Kronecker symbol takes care of the Pauli
principle for identical nucleons. Particle energies with respect to CS are con-
verted to hole energies in the filled shell CS′ by multiplying the r.h.s. of (24)
with (-1). Hole energies in CS are transported to hole energies in CS′ by
using ph TBME to calculate V m

jj′ (see Sect. 2.3). The relative shift of two
orbitals j1, j2 when filling an orbit j′ is given by

∆j1j2 = V m
j1j′(2j′ + 1 − δj1j′) − V m

j2j′(2j′ + 1 − δj2j′) (25)

Experimentally large monopole shifts are observed in N=29 and 51 isotones
and Z=29 (Cu) and 51 (Sb) isotopes. This is demonstrated in Fig. 16 a-
d for the proton-neutron and spin-flip combinations (j1j′) = (νf5/2πf7/2),
(πf5/2νg9/2), (νg7/2πg9/2), and (πg7/2νh11/2), respectively [104]. The origin
for these exceptional shifts can be traced back to the (σ · σ)(τ · τ) and/or
the tensor (σ × �r) · (σ × �r)(τ · τ) parts of the in-medium NN interaction
[172,173]. They generate strong binding between proton-neutron (πν) spin-
orbit partners (∆l = 0, S = 0) and (∆j = 2, ∆l = 1, S = 0) (πν) pairs
of nucleons. In Fig. 17 the monopoles V m for the multiplets relevant for
the drastic shifts in Fig. 16 are shown for various realistic and empirically
corrected interactions. The dominant rôle of the S = 0(↑↓), πν (T = 0)
configurations is clearly prominent. An additional empirical criterion for V m

to be strong requires identical number of nodes in the radial wave functions
of the two orbits, i.e. good radial overlap as demanded by the short-range
character of the NN interaction.

5.2 Shell Quenching and Stabilisation at N � Z

Based on this criterium, and considering S = 0, ∆l = 0, 1 pairs to be domi-
nant, the following shell changing scenario develops when proceeding from a
N=Z doubly magic nucleus as e.g. 16O, 40Ca along an isotonic chain to N�Z
(see insert in Fig. 18):

• Removing protons from a filled (πn, l, j< = l−1/2) orbit, e.g. 0p1/2, 0d3/2,
in a closed shell (CS) will shift the neutron (νn, l+1, j> = l+3/2) orbit,
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Fig. 16. Monopole shift in N=29 (a) and N=51 (d) isotones and in Z=29 (Cu) (b)
and Z=51 (Sb) (c)isotopes relative to the reference states ν1p3/2, π1p3/2, π1d5/2

and ν1d5/2, respectively. The lines are results of shell model calculations. The filling
of the relevant partner orbits in the extreme single particle model is indicated by
arrows. Open circles indicate states not firmly assigned

as e.g. 0d5/2, 0f7/2, upward as its binding is weakened relative to the
neighbouring orbits as a consequence of the tensor force. This stabilises
the shell (as in 14C, 36S, 34Si) and may rearrange the orbitals beyond the
closed shell (CS), as observed in 15C.

• On further removal of protons from the next lower lying orbit (πn, l, j> =
l+1/2), e.g. 0p3/2, 0d5/2, its spin-orbit neutron partner j< will be released
in a dramatic way due to the στ force to create a new shell CS′.

The effect can be summarised as shown in Fig. 18. A harmonic oscillator
(HO) shell closure with magic number Nm = 8, 20, 40 changes to Nm−2·N =
6, 16(14), 34(32), with N counting the HO quanta. The ambiguity for N >
1 is due to the presence of j = 1/2 orbits as e.g. s1/2 or p1/2. Trivially in
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Fig. 18. Schematic chart of known and expected new shell structure in N�Z nuclei.
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these shells an Iπ=2+ state cannot be built by recoupling but requires ph
excitations at the expense of a higher excitation energy. Moreover, the T = 1,
j2, J = 0 TBME for j = 1/2 is identical to V m

jj and always strongly binding
and therefore in the evolution of the single particle energy εj (24) adds a
downward shift openening a gap when filling the j = 1/2 orbit. This is shown
for the (1s, 0d) shell in Fig. 16 of [49] in this volume as taken from [105,172].
The scenario is characterised by the following signature, which substantially
deviates from the mechanisms described in the introduction to this section:
• a HO (ls-closed) shell changes to a SO (jj-closed) shell;
• the change is rapid with subshell occupation, and highly localized;
• the scenario is symmetric in isospin projection Tz;
• upon removal of protons the apparent SO splitting between the neutron
l, j< and j> SO partners due to the στ interaction is increased;
• contrary in the adjacent HO shell N + 1 the SO splitting between the l, j>

and j< is decreased due to the tensor force.
The latter signature is easily verified in Fig. 16 for the two ways towards

N�Z. Removing f7/2 (g9/2) protons from 56Ni (100Sn) releases the f5/2 (g7/2)
neutrons, which increases the neutron f(g) SO splitting (Fig. 16 a,d), respec-
tively. On the other hand, adding g9/2 (h11/2) neutrons decreases the SO
splitting of proton f(g) orbits (Fig. 16 b,c), respectively. Note that in Fig. 16
only the j< is shown relative to the adjacent orbits as the j> partners are
lying below the large shell gaps.

The facts that the proton-neutron monopole is always binding (Fig. 17)
and that high-spin proton orbitals according to (24,25) are most effective in
producing large shifts when progressing from a CS nucleus towards N�Z by
removing protons allow interesting conclusions on possible shell quenching
and/or stabilisation.

An indispensable prerequisite to generate a shell rearrangement by mono-
pole interaction is therefore a πj> (j<) that is emptied, which causes a νj′

<

(j′
>) level from below the neutron shell to move up into the shell gap. The

opposite scenario, a neutron level moving down from above the shell, is not
possible.

Such effective πν pairs are πp3/2νp1/2 to change N=8 into 6 below 16O,
πd5/2νd3/2 to change N=20 into 16(14) below 40Ca, πf7/2νf5/2 to change
N=40 into 34(32) below 68Ni and πf5/2νg9/2 above 78Ni. The latter is due to
the “low-spin” πf5/2 and the “A-scaling” of TBME not being effective enough
to quench the N=50 shell in 78Ni. This is obviously valid for heavier nuclei,
too, πg7/2νh11/2 at N=82 above 132Sn and πh9/2νi13/2 at N=126 above 208Pb
(see Fig. 1), as both are good CS nuclei. Ineffective in this sense are the pairs
πg9/2νg7/2 along N=82 below 132Sn and πh11/2νh9/2 along N=126 below
208Pb as the neutron levels are lying too deep in the shell (Fig. 1). Therefore
the shell quenching invoked to explain r-process abundances [140] must be of
different origin, such as the scenario mentioned in the introduction to Sect. 5.
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5.3 Experimental Evidence for N=6, 16(14) and 34(32) Shells

The scenario described in Sect. 5.2 accounts in a straightforward way for the
recently established new shell effects in light and medium-heavy nuclei, which
will be briefly reviewed in the following. Besides single particle states, two-
nucleon separation energies S2n and S2p and their differences δ2n and δ2p,
respectively, excitation energies E2+ of Iπ = 2+ states and B(E2; 2+ → 0+)
will be used as signatures for shell structure [13].

In Fig. 19 the evolution of the N=8 shell gap is illustrated. Removal of the
πp1/2 protons from the doubly magic 16O releases the νd5/2, S = 0 partner
neutron and hence the Iπ = 5/2+ and 1/2+ levels swap positions from 17O to
15C. The neutron shell gap is preserved in 14C as documented by the large E2+

(Fig. 20a), which is only marginally smaller than in 16O. This demonstrates
the aforementioned ambiguity of shell signature for nuclei separated by a
j = 1/2 subshell (see below), which can build 2+ states only by ph excitations.
The dramatic decrease of E2+ observed for 12Be (Fig. 20a) indicates that the
removal of the first pair of πp3/2 protons causes an upward shift of the νp1/2
spin-flip partner level, thus closing the N=8 gap while opening a N=6 gap.
This is impressively corroborated by the 11Be level scheme shown in Fig. 19
and the inversion of the Iπ=1/2+ and 1/2− levels. For 8He an estimate for the
N=6 shell gap can be inferred from the measured [174] energy difference of the
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Fig. 19. Experimental evidence for the N=8 to N=6 shell change (see text)
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Iπ=3/2−; νp3
3/2 hole and the Iπ=1/2−; νp2

3/2p1/2 particle states. Using the
two-body matrix elements (TBME) from [16] a shell gap ε(p1/2) − ε(p3/2)=
4.25 MeV is calculated. The N=6 shell stabilisation makes 9Li a good core
for 11Li halo calculations (see Sect. 2.2 of [175] in this volume).

One major shell above N=8, the removal of πd3/2 protons from 40Ca
stabilizes the N=20 shell gap because the S = 0 partner orbital νf7/2 is
shifted upward. Consequently, 36S and 34Si, again separated by a j = 1/2
(s1/2) orbit, show doubly magic features as documented in Fig. 20b by large
δ2p, E2+ and small B(E2). It would be an experimental challenge to prove the
present scenario in the mirror nuclei 34,36Ca, which should exhibit identical
shell signature. The upward shift of the νf7/2 orbital with removal of πd3/2
protons, on the other hand, quenches the N=28 gap below 48Ca, as exhibited
in enhanced B(E2; 0+ → 2+) values measured in Coulomb excitation and the
absence of shell closure features in 44S [176]. Following the scenario described
in Sect. 5.2, further removal of πd5/2 protons in N=20 isotones will shift the
νd3/2 orbital into the shell gap, and, aided by 2p2h excitations, drives 32Mg
to deformation [88]. The evolution of the N=16(14) shell below the νd3/2
orbital is complete in the oxygen isotopes, where 22,24O exhibit large E2+ ,
small B(E2) and a rise in δ2n (Fig. 20a). In a recent shell model study this was
reproduced quantitatively, at the expense, however, of an “ad hoc” correction
of the realistic interaction employed [172]. The locality of the change in shell
structure discussed in the present scenario was proven in a recent experiment
showing a decrease in E2+ from 22O (3.20 MeV) to 20C (1.56 MeV) [177],
which is in contrast to the 16O - 14C trend (Fig. 20). This is due to the πp1/2
removal, which shifts the νd5/2 level into the N=16(14) gap.
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Further and more detailed experimental evidence for the N=8 to 6, the
N=20 to 16(14) and the quenching of the N=28 shells is presented in this
volume in Sects. 2.1 and 3.1 of [175] and Sects. 3.1 and 3.3 of [49].

The HO closed shell N=40 in 68Ni is weak and isolated and loses its
strength at two particles/holes distance [13,109]. Excitation energy E2+ and
B(E2; 0+ → 2+) exhibit shell closure [106], while δ2n does not show any ef-
fect [13,109]. Removing πf7/2 protons from 68Ni (Fig. 18) prompts the νf5/2
orbit to move into the (small) N=40 shell gap, so that 66Fe shows features of
deformation [111]. This was proven recently by assigning the Nilsson config-
uration 5/2+[422] to the ground state of 67Fe [170] as discussed in Sect. 4.2.
Correlated to this upward shift of the νf5/2 orbit a N=34 gap opens above
the νp3/2, p1/2 levels as also exhibited by the N=29 single particle states at
Z=20 (Fig. 16a). The presence of the p1/2 orbit introduces the N=34(32)
ambiguity. Experimentally a large E2+ is observed in 52Ca [178] and shell
gaps are established in the yrast spectrum of the 52,54Ti isotopes [179].

6 Status and Future

The status of, and future challenges to, the nuclear shell model are deter-
mined by (i) the development of novel large scale shell model techniques,
(ii) the availability of realistic two-body interactions in model spaces beyond
1h̄ω accounting effectively for three-body effects, and (iii) the experimental
request for predictive power in exotic regions of the Segré chart, which will
be accessible with the next generation radioactive-beam facilities.

The limitations of the LSSM approach as discussed in Sects. 1.4 and
3 ask for expansion to ≥ 1h̄ω spaces in order to treat core excitation in
CS nuclei, open jj shells, shell evolution, normal and superdeformation and
higher order correlations (e.g. L = 3), let alone ∆N ≥ 1 giant resonances.
Obligatory prerequisites for these extensions are the proper treatment of the
spurious state problem and an effective interaction consistent in two adjacent
major shells.

The advantage of the shell model approach with an effective interaction
to account for all kinds of correlations is depreciated by computational lim-
itations. The Monte Carlo shell model (MCSM) provides a viable way out
though its application is limited presently to a few key nuclei and phenomena
rather than a broad range spectroscopy. The interaction problem is common
to both LSSM and MCSM. The mean field approaches like Hartree- Fock
(HF), HF+BCS and relativistic mean field (RMF), based on schematic forces
and an effective parametrisation of NN data, account for gross properties
mass, shape, shell structure and SPE. The advantage of coping with model
spaces of several h̄ω, however, is counteracted by the difficulty to properly
account for correlations.
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129. J. Döring et al.: Phys. Rev. C 68, 034306 (2003)
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