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Abstract A basic introduction to the nuclear shell model is presented, without
going to any details of many-body theories. First, we explain how magic numbers and
shell structures appear from fundamental properties of nuclei such as the short-range
attractive interaction and density saturation. Some concepts needed to understand
the shell model are explained from scratch. After a general introduction we focus
on a topic of particular current interest, the evolution of shell structure, and discuss
the importance of the tensor force.

1 Basics of Shell Model

Nuclear theory has been developed in order to construct many-body systems
from basic ingredients such as nucleons and nuclear forces (nucleon–nucleon
interactions). The nuclear shell model has been an important part of nuclear
theory, and should make crucial input to this end. We begin by asking three
basic questions:

(i) What is the shell model?
(ii) Why is it useful?
(iii) How do we perform calculations?

1.1 What is the Shell Model?

We begin with some very basic points about nuclear shell structure and the
shell model. Figure 1 shows somewhat schematically the nucleon–nucleon
potential as a function of the distance between the two nucleons, for the
spin-singlet (two interacting nucleons coupled to total spin S=0) and L=0
(L, relative orbital angular momentum of the two nucleons) state. This state
must have isospin T=1 because of the antisymmetric coupling of the nucleons.
This is one of the most important states for the nucleon–nucleon potential,
as the potential contains a strongly attractive part. Note that the nucleon–
nucleon potential depends generally on S, L, and J with �J = �L + �S. We
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Fig. 1. Schematic illustration of the nucleon–nucleon potential

find, in Fig. 1, a hard-core repulsion inside a distance of 0.5 fm, while it is
strongly attractive around 1 fm. These two features are found also in other
important states, e.g., of spin-triplet and even L states with T=0. The po-
tentials for such states are the origin of the proton–neutron binding in the
deuteron.

From these two features, a hard repulsive core and a strong attraction
around 1 fm, we can easily expect that the nuclear potential is such that the
balance between the attractive part around 1 fm and the inner repulsive part
conspires to give a rather constant distance (∼ 1 fm) between nucleons, which
are strongly bound together. The saturation of the density is thus realized at
the same time. Although the actual mechanism contains more sophisticated
dynamics – for instance, the density dependence of the potential – we will
not go into such details. As the nucleon density should be rather constant,
the surface can be defined clearly, despite the fact that the nucleus is such a
complex quantum system with complicated interaction.

The nucleon–nucleon interaction is very complicated, but can produce a
simple mean potential. Figure 2 depicts this situation. A nucleon (open circle
in Fig. 2) well inside the nucleus feels the nucleon–nucleon interaction from
the surrounding nucleons within reach (or range) of the interaction, which is
about 1 fm. The sphere within this range is shown in the dashed line in Fig. 2.
As the density of the nucleon is constant inside the nucleus, the mean effect
from surrounding nucleons should be almost constant, and the mean potential
should be almost flat.

Figure 3 indicates the effect from surrounding nucleons for a nucleon at the
surface (shown again by an open circle). Otherwise the legend of the figure is
the same as Fig. 2. The number of the surrounding nucleons becomes smaller,
as this nucleon (open circle) moves out, resulting in less binding. Thus, the
mean potential becomes shallower quickly at the surface.

Figure 4 displays schematically what the mean potential looks like. The
single-particle motion inside this potential can be solved. This is just an eigen-
value problem with the eigenstates corresponding to various orbital motions,
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Fig. 2. Schematic illustration of the mean potential for a nucleon open circle inside
the nuclear surface

similar to electrons in a hydrogen-like atom. The eigenstate is referred to as
an orbit, having its classical image in mind. Figure 4 shows energy eigenvalues
of such orbits. These are usually called single-particle energies (SPEs). At this
point, we assume that the nucleus is spherical, and the mean potential ap-
pears to be spherical too. The spherical potential gives us quantum numbers
of these eigenstates such as the orbital angular momentum denoted by l, the
total angular momentum denoted by j, and the number of nodes of the radial
wave function denoted by n. Since the potential is spherical, orbits differing
only by the z-component of j, called jz, are degenerate. Thus, there is a degen-
eracy of (2j+1) magnetic substates for a given j. Because of this degeneracy,
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Fig. 3. Schematic illustration of the mean potential for a nucleon open circle at the
nuclear surface
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the SPE is referred to j (with l and n implicitly). If we discuss an “orbit” in
a spherical potential, it means j, having (2j+1) degenerate substates.

Each orbit has (2j+1) substates with the same SPE. These substates are
called single-particle states. Some orbits (with different j’s) are grouped as
shown in Fig. 4. Such a group of orbits is called a shell. The energy spacing
between two shells is called the shell gap. If all orbits below a given shell
gap are occupied by protons, they form a proton closed shell. The number of
protons in a closed shell is called the proton magic number. Figure 4 indicates
that the magic numbers are actually 2, 8, 20, ... We shall discuss later why
these are magic numbers. Likewise, neutron closed shells and magic numbers
are defined. The closed shell is also called a core, and the pattern of the orbits
stated above is known as shell structure. We now turn to how to obtain the
shell structure from simple arguments, without going to details.

The mean potential can be described, to a good approximation, in terms
of the so-called Woods–Saxon (WS) potential. This is specified by three pa-
rameters: depth, radius, and diffuseness. The eigenstates of the WS potential
can be obtained only numerically. In order to make physics more transparent,
we can introduce a harmonic oscillator (HO) potential

VHO = mω2r2/2 , (1)

where m is the mass of the nucleon, ω is the oscillator frequency, and r stands
for the distance from the center of the nucleus.

In fact, WS and HO potentials can be set to overlay each other as shown in
Fig. 1 if the bottom of the HO potential is adjusted and an appropriate value
of ω is chosen. The properties of the eigenstates of a HO potential are much
simpler than those of the WS potential and can be described analytically.
The eigenvalues are equally separated, as is well known, and are shown in
Fig. 2. Mayer and Jensen [1, 2] proposed the shell structure of atomic nuclei
by adding a spin–orbit coupling to the HO potential, explaining experimental
data known at that time without a consistent theoretical description. The
spin–orbit coupling is written as

shell gap
magic
number

2

20

8

Orbitals are grouped into shells

closed shell
fully occupied orbits

Fig. 4. Single-particle motion in the mean potential. The horizontal lines indicate
single-particle energies (SPE’s), which stand for energy eigenvalues of the orbits.
The orbits form shells, and gaps between shells define magic numbers
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Fig. 5. Comparison between a harmonic oscillator potential and a Woods–Saxon
potential. HO is simpler, and can be treated analytically (See also Plate 1 in the
Color Plate Section)

Vls (r) = f(r)(�l · �s), (2)

where f is a function of r, and �l, �s denote the orbital angular momentum and
spin operators of a nucleon, respectively.

The function f(r) is usually given by the derivative of the density divided
by r with an appropriate strength. Naturally, f(r) has a peak at the surface
because the density changes most rapidly at the surface.

The spin–orbit potential in Eq. (2) can be included as a first-order pertur-
bation and its effect is to lower the energy of the j-upper state

j> = l + 1/2 (3)
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and raise the energy of the j-lower state

j< = l − 1/2. (4)

These notations will be used later.
After including the spin–orbit coupling, the degenerate orbits in the HO

potential are split. The orbit is identified, for example, as 1f7/2 where the first
number (integer) is the number of the node plus one, the second character is
the usual notation of l, and the last part represents j.

The energy splitting due to the spin–orbit potential is approximately pro-
portional to the value of l as expected from Eq. (2). So it becomes more and
more important for l larger. Mayer and Jensen included this effect, and pre-
dicted magic numbers as shown in Fig. 2. The magic numbers 2, 8, and 20 are
independent of the spin–orbit coupling. The orbits 1p3/2 and 1p1/2 are split,
but the splitting is not large enough to break the magic numbers. Likewise,
1d5/2 and 1d3/2 are also split to a modest extent. However, the magic num-
ber 28 appears because the orbits 1f7/2 is pushed down significantly, whereas
the next orbit 2p3/2 is lowered only moderately. So a gap is created between
them, giving rise to a magic number 28. Similar situations occur for higher
magic numbers 50, 82, and 126. These gaps are shown by the filled dots in
Fig. 2.

The success of Mayer–Jensen’s magic number is tremendous. It really dom-
inates the structure of nuclei at lower energies. There is much experimental
evidence for magic numbers, one of which is the separation energy. Figure 3
shows the observed neutron separation energy Sn. Figure 8 shows how magic
numbers are related to the separation energy. On the left, neutrons occupy
orbits up to a shell gap, as the number of these neutrons is equal to a magic
number. On the right, there is another neutron occupying an orbit above the
shell gap. In order to take away one of the neutrons on the left, one needs
more energy as compared to the right part, where there is one neutron in
a less bound orbit above the gap. The neutron separation energy means the
minimum energy to take out one neutron from a given nucleus. So, it becomes
suddenly smaller, by the amount of the shell gap, as the number of neutron
goes beyond a magic number. This phenomenon can be seen in many places in
Fig. 3, where vertical lines indicate magic numbers and the separation energy
decreases suddenly over these lines, particularly for neutron numbers N = 50,
82, 126. This is one of the pieces of evidence for magic numbers. However, if
one looks at Fig. 3 carefully, there are cases where the decrease in separation
energy is not so large, or even an increase is seen. Thus, it can be expected
that the magic numbers may not be perfect. However, such an idea has never
been seriously discussed until recently. We will come back to possible changes
of magic numbers later in this chapter.

At this point, we summarize this subsection. From its derivation, the magic
numbers of Mayer and Jensen are direct and robust consequence of basic
properties of the nuclear force and density, and there seems to be no way
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Fig. 8. Relation of neutron magic numbers to neutron separation energy. Arrow
indicates separation energy. Separation energy of neutron (Sn) or proton (Sp), the
minimum energy to take a neutron or proton out, decreases suddenly after the shell
gap

out. So, the magic numbers have been believed to remain the same for all (or
almost all) nuclei, stable or unstable.

1.2 Why Is the Shell Model Useful?

We now discuss how one can carry out shell model calculations. Through this,
we would like to find an answer to the question as to why the shell model can
be useful.

The shell model assumes that the orbits are already given as in Fig. 2. The
orbits of the proton (neutron) closed shell is completely occupied by protons
(neutrons). In general, there can be some protons (or neutrons) occupying
the next shell just above the closed shell. This shell is called the valence shell,
and its nucleons are referred to as valence nucleons. The valence shell is, by
definition, only partially occupied. If all orbits between two magic numbers
are considered, this valence shell is called a major shell. For instance, four
orbits, 2p3/2, 2p1/2, 1f5/2, and 1g9/2, form a major shell between 28 and 50.
(On the other hand, one might take a part of them as a valence shell. But
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the shell is not a major shell any more.) In the shell model calculation, the
closed shells are treated as a vacuum because the nucleons cannot change
their single-particle states as long as they are in the closed shell. If one wants,
one can make particle–hole excitations from the closed shell to valence shell.
However, just for the sake of simplicity, we do not include such excitations for
the time being. Namely, we look at degrees of freedom only in the valence shell.
Because of the similarity between the closed-shell and the vacuum, the closed
shell is often called the (inert) core. When we discuss dynamical properties,
the (inert) core sounds more appropriate, but its meaning is the same as the
closed shell.

We include two-body interaction between valence nucleons. Three-body
interaction, etc. are not included, however. Usually, it is supposed that effects
of higher body (> 2 body) interactions are small enough in the energy scale
of interest and/or their effects are renormalized into effective two-body inter-
actions somehow. This is an approximation/assumption, but turns out to be
reasonable from the viewpoint of comparison to experiment. The Hamiltonian
then consists of the following terms,

H =
∑

i

εini +
∑

i,j,k,l

vij,kla
†
ia

†
jalak, (5)

where εi is the SPE of the orbit i, ni stands for the number operator of the
orbit i, vij,kl denotes two-body matrix element (TBME) of the nucleon–nucleon
(effective) interaction for orbits i, j, k, l, and a† and a mean usual creation and
annihilation operators, respectively.

In the single-particle picture of Fig. 2, a nucleon stays in one of the orbits
forever. This is true in the closed shell, because all orbits are occupied, and a
nucleon cannot move from one orbit to another within the closed shell. The
situation differs in the valence shell. Figure 9 indicates how nucleons move
via the nucleon–nucleon interaction. The occupancy pattern of nucleons over

mixing

valence
shell

closed shell
(core)

Fig. 9. Mixing of different configurations due to the scattering between valence
nucleons. A nucleon does not stay in an orbit forever. The interaction between nu-
cleons changes their occupations as a result of scattering. The pattern of occupation
is called a configuration.
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different orbits is called configuration. In Fig. 9, the configuration on the left-
hand side is changed to the one on the right-hand side due to the interaction
between two valence nucleons. In other words, the interaction scatters two
nucleons into a different pair of orbits compared to the pair of orbits before the
scattering. Such scatterings occur an infinite number of times, and all possible
configurations are mixed until a kind of equilibrium is achieved. The eigenstate
of the shell-model Hamiltonian as in Eq. (5) is thus obtained. It contains, in
general, many components corresponding to different configurations. Such a
mixing is called configuration mixing.

We illustrate how this can be carried out computationally. As step 1, we
first calculate matrix elements of the Hamiltonian for the states of various
configurations.

〈φ1|H|φ1〉, 〈φ1|H|φ2〉, 〈φ1|H|φ3〉, · · ·
These various states can be represented by Slater determinants, φ1, φ2, φ3, ...
Each Slater determinant is a product of single-particle states, α, β, γ, .... In
the second quantization picture,

φ1 = a†
αa†

βa†
γ · · · |0〉, φ2 = a†

α′a
†
β′a

†
γ′ · · · |0〉

φ3 = a†
α′′a

†
β′′a

†
γ′′ · · · |0〉,

(6)

where |0〉 means a closed core, and the Hamiltonian is written as Eq. (5).
In step 2, we construct the matrix of H and diagonalize it.

H =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

〈φ1|H|φ1〉 〈φ1|H|φ2〉 ∗ ∗ ∗ · ·
〈φ2|H|φ1〉 〈φ2|H|φ2〉 ∗ ∗ · · ·
〈φ3|H|φ1〉 ∗ ∗ · · · ·

∗ ∗ · · · · ·
∗ · · · · · ·
· · · · · · ·
· · · · · · ·

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

Diagonalize−−−−−−−→

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

ε1
ε2

ε3
·
·
·
·

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

(7)

We thus solve the eigenvalue problem,

H Ψ = E Ψ, (8)

where E is the energy eigenvalue and its eigenfunction is Ψ . The Ψ wave func-
tion is expanded in terms of Slater determinants with probability amplitudes
c1, c2, c3, ...,

Ψ = c1 φ1 + c2 φ2 + c3 φ3 + ... . (9)

Accordingly, the eigenvector of the matrix eigenvalue problem for Eq. (8) is
written as (c1, c2, c3, ...).

The precise evaluation of the energy eigenvalue and the configuration
mixing is one of the major tasks of the shell model calculations. Once
we obtain the wave function Ψ , we can calculate a variety of physical
observables.
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1.3 Some Remarks on Shell Model Calculations

The direct diagonalization of the matrix as in Eq. (7) is what the conventional
shell model calculation does. We remark on some features of the shell model
calculations so as to give some feeling for the actual calculation. We first
briefly discuss the M-scheme. Since the Hamiltonian in Eq. (5) is rotationally
invariant, the z-component of the total angular momentum, J, is conserved
for all eigenstates. The quantum number of Jz of Ψ in Eq. (8) is denoted as
M hereafter.

Each single-particle state has a good quantum number jz, the z-component
of j, because of the spherical mean potential. Each Slater determinant in
Eq. (9) can have a good Jz, if it is constructed from such single-particle states
with good jz’s. Naturally, Slater determinants, φ1, φ2, φ3, ... in Eq. (9) should
have the same value of Jz as the full Ψ . As the Hamiltonian conserves Jz, the
matrix elements in Eq. (7) are finite only between the same values of Jz. Thus,
one can construct the hamiltonian matrix like Eq. (10).

M = 0 M = 1 M = −1 M = 2

H =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗

∗ ∗ ∗
0 ∗ ∗ ∗ 0 0

∗ ∗ ∗
∗ ∗ ∗

0 0 ∗ ∗ ∗
∗ ∗ ∗ 0

. . . . . . . .

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(10)

The Slater determinant is the product of single-particle states as seen in
Eq. (6). The next question is how the conservation of J can be achieved. This
question can be answered by taking a simple example. Equation (11) shows
the case of two neutrons in the f7/2 orbit.

m1 m2

7/2 −7/2
5/2 −5/2
3/2 −3/2
1/2 −1/2

M = 0

J+−−→

m1 m2

7/2 −5/2
5/2 −3/2
3/2 −1/2

M = 1

J+−−→

m1 m2

7/2 −3/2
5/2 −1/2
3/2 −1/2

M = 2

(11)

The jz values of the two neutrons are denoted as m1 and m2. There are four
states in the M=0 space as shown in the left column of the figure. Here,
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the space is a set of the states belonging to a given M (M=0 in this case).
The dimension of this space is four. By acting with the angular momentum
raising operator, J+, where J+|j,m〉 ∝ |j,m + 1〉, we obtain an M=1 space
comprised of three states. They are shown in the middle column in Eq. (11).
The dimension is less by one than that of M=0 space. We then know that
there is one J=0 state in the M=0 space, and it was eliminated by the J+

operation (there is only an M=0 state for J=0).
By repeating the J+ operation, we obtain an M=2 space. This space is

shown in the right column of Eq. (11). The dimension is still three, meaning
that there is no J=1 state in the spaces we are working on.

By doing a similar analysis, we can see what J states are contained in
each M space as shown in Table 1. The diagonalization of the Hamiltonian
matrix is done for each M space separately. Since the Hamiltonian conserves
J in addition to M , the diagonalization of the Hamiltonian matrix produces
eigenstates with good J ’s. This situation is depicted in Eq. (12) for the M=0
case of two neutrons in f7/2 orbit.

M = 0

H =

⎡

⎢⎢⎣

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

⎤

⎥⎥⎦
diagonalize−−−−−−−→

⎡

⎢⎢⎣

eJ=0 0 0 0
0 eJ=2 0 0
0 0 eJ=4 0
0 0 0 eJ=6

⎤

⎥⎥⎦ (12)

Such a restoration of J quantum number is a general one, and is achieved in
general as a result of the diagonalization of the Hamiltonian, as illustrated in
Eq. (13).

M

H =

⎡

⎢⎢⎣

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

⎤

⎥⎥⎦
diagonalize−−−−−−−→

⎡

⎢⎢⎣

eJ 0 0 0
0 eJ ′ 0 0
0 0 eJ ′′ 0
0 0 0 eJ ′′′

⎤

⎥⎥⎦ (13)

Table 1. J contents of M spaces of two neutron in 1f7/2

Dimension Components of J value

M = 0 4 J = 0, 2, 4, 6
M = 1 3 J = 2, 4, 6
M = 2 3 J = 2, 4, 6
M = 3 2 J = 4, 6
M = 4 2 J = 4, 6
M = 5 1 J = 6
M = 6 1 J = 6
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In other words, the eigenstate Ψ is given by a linear combination of Slater
determinants, and the same linear combination is a simultaneous eigenstate
of the Jz operator and the ( �J · �J ) operator.

We now see some properties of TBME of the nucleon–nucleon interaction.
Two nucleons can have total angular momentum J and total isospin T . If
nucleons are in single-particle states | j1m1〉 and | j2m2〉, they can be coupled
to total angular momentum J and its z-projection M by Clebsch–Gordon
coefficients as

|j1, j2, J,M〉 =
∑

m1,m2

(j1,m1, j2,m2|J,M) |j1,m1〉|j2,m2〉, (14)

where the parenthesis indicates a Clebsch–Gordon coefficient. The same cou-
pling occurs before and after the interaction (or scattering). We consider ma-
trix elements between such coupled states,

〈j1, j2, J,M |V |j3, j4, J ′,M ′〉 =
∑

m1,m2

(j1,m1, j2,m2|J,M)

×
∑

m3,m4

(j3,m3, j4,m4|J ′,M ′)

× 〈j1,m1, j2,m2|V |j3,m3, j4,m4〉. (15)

Since the interaction is rotationally invariant, it cannot change J or M , and
consequently J=J ′ and M=M ′ are satisfied. Moreover, the rotational invari-
ance of the interaction makes all coupled matrix elements independent of M
therefore

〈j1, j2, J,M |V |j3, j4, J ′,M ′〉 = δJJ ′δMM ′〈j1, j2, J |V |j3, j4, J〉. (16)

Note that the quantum number M is eliminated in Eq. (16). Thus, in this
J-coupled scheme matrix elements of two-nucleon states are specified only by
j1, j2, j3, j4, and J (see Eq. (16)). There is certainly another dependence on
the isospin, T .

Of course, once the potential between two nucleons is given one can cal-
culate all TBME’s. However, up to the present time, the potential between
nucleons is not completely known. Moreover, there will be renormalization
due to core-polarizations (as explained later), as well as many other different
mechanisms that contribute to the TBME’s. It is true that no theory has
succeeded in a perfect prediction of the interaction to be used in shell model
calculations, and this situation will not be altered in the near future. Thus,
for the practical use of shell model calculations, we need empirical corrections.

An example of successful calculations of TBMEs is by using the USD in-
teraction. The USD interaction was proposed by Wildenthal and Brown [4]
for the sd shell comprised of three orbits 1d5/2, 1d3/2, and 2s1/2. It consists
of 63 TBMEs and three SPEs. The TBMEs are based on those given by the
G-matrix interaction of Kuo [5]. Figure 10 shows a part of the USD TBMEs.
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USD
interaction

Fig. 10. Part of the USD TBMEs.

The indices i, j, k, and l stand, respectively, for j1, j2, j3, and j4 mentioned
earlier. One finds the dependences on J and T . These TBMEs are calculated
within the G-matrix formalism starting from meson exchange theory of the
free nucleon–nucleon interaction. Such a calculation gives us reasonable num-
bers. But, once one performs shell model diagonalization with those TBMEs,
the resultant energy levels are very different from experimental ones, and we
do not learn much about the structure of the nucleus. We need to make em-
pirical corrections. This is what was done by Wildenthal and Brown to obtain
the USD interaction.

The nucleon–nucleon interactions used in shell model calculations are effec-
tive ones. They include effects of multiple scattering between nucleons with
high-lying intermediate states in the sense of a second-order perturbation
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Closed shell
Excitations to higher shells are
included effectively

valence shell
Partially occupied
Nucleons are moving around

Higher shell
Excitations from lower shells
are included effectively by
perturbation(-like) methods

Effective
interaction

Effects of core
and higher shell

Fig. 11. Corrections to effective interaction used in the shell model calculations.
There are two types, one from higher shells, while the other from the closed shell

(Ladder diagram). The upper part of Fig. 11 indicates this contribution
schematically as the effects of “higher shell”.

Another contribution comes from the excitation of the core (closed shell),
as referred to as the core polarization. In a first approximation, the core is
completely occupied, but there are excitations in reality. The pairing interac-
tion is enhanced by this mechanism.

Effects of these two types of outer shells are included, ending up with the
so-called effective interaction.

The core polarization is also important for effective charge and the effective
g-factor. Figure 12 shows how the electric quadrupole moment and magnetic
moment are changed due to the excitation of the core. This phenomenon has
been proposed by Arima and Horie [6], Blin-Stoyle and Perks [7] in 1954 and
by Bohr and Mottelson [3].

We finally note that the single particle in the shell model is an “effective
object” (or quasi-particle) with rather complicated correlations behind it like
the core polarization. The shell model treats it as if it is a real particle, and
includes those correlation effects in terms of the renormalization of effective
interaction and operators. The same picture should be taken for mean-field
models (or density functional theories), where the renormalization is more
severe due to more truncated effective interactions.

The coupling to various correlations reduces the ‘purity’ of the single par-
ticle. Recent experiments show that about 60% of the “single-particle” prob-
ability remains in the shell model wave functions after the mixing of more
complicated components [8]. However, we emphasize that this is not a catas-
trophe or anything like that, and is expected.
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Arima and Horie     1954
magnetic moment

quadrupole moment  

Configuration Mixing Theory

Departure from the independent-particle model

+

closed shell

This is included
by renormalizing the
interaction and
effective charges.

Core polarization

Fig. 12. Schematic illustration of configuration mixing theory

We have seen how the shell model is formulated in simple terms. We
skipped many discussions as to how one can obtain good effective interac-
tions from basic theories of the nucleon–nucleon interaction. This is rather
complicated and still in progress.

The effective interaction and operators are essential parts of the shell
model. These are also crucial in other approaches to nuclear structure. The
shell model is constructed very carefully on nuclear forces. In other approaches
of nuclear structure, forces are also models. In the shell model, although we
use effective interactions, these interactions are built as realistic as possible,
particularly in recent large-scale calculations. In this sense, the shell model
can reflect various facets of nuclear forces into nuclear structure better than
other models.

This is the merit of the shell model. Because of this, the shell model be-
comes more important in the region of exotica in the nuclear chart, as the
predictive power is more needed than in the region of stable nuclei.

If the shell model is so useful, the next question is how to run a shell model
calculation; or even whether it is always possible or not?

1.4 How Do We Perform Shell Model Calculations?

Equation (7) indicates the diagonalization of the Hamiltonian matrix. There
are several computer programs for performing such shell model calculations.
These include OXBASH by Brown, ANTOINE by Caurier et al., MSHELL by
Mizusaki, etc. The ANTOINE and MSHELL can be run on parallel computers,
and can handle up to 1 billion dimension (as of the year 2008). One can easily
imagine that the practical difficulty should increase as the dimension becomes
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Fig. 13. Upper panel: Maximum dimension of the Hamiltonian matrix feasible for
the year of publication. Blue points are for conventional shell model, while red points
are for Monte Carlo Shell Model. Lower panel: The computer capability (Flops) as
a function of the year. The lines in the upper and lower panels indicate an increase
of 105 times/30 years. (See also Plate 4 in the Color Plate Section)

larger. The difficulties are in the computation and storage of so many matrix
elements, and the diagonalization of such a huge matrix.

There have been steady and significant efforts with great success, as re-
viewed recently in [9]. Figure 4 shows how the maximum feasible dimension
has been increased as a function of the year since 1949 (the birth year of
the shell model). It is amazing that this growth is almost on a logarithmic
scale. However, there exists a limit around 1 billion dimension, at least at
present. In order to overcome this limit, the Monte Carlo Shell Model has
been proposed [10–12]. Although the computation time becomes longer as the
particle number and/or the number of valence orbits increases, this is not a
very strong barrier for the Monte Carlo Shell Model. One could keep going
to frontier cases with the dimension, for instance, 1015 [13]. In exotic nuclei,
two conventional shells often merge, and the calculation becomes huge. The
Monte Carlo Shell Model can still give us results.

2 Construction of an Effective Interaction
and an Example in the pf Shell

In this section, we show how one can determine TBMEs.
A simple example of experimental determination is the case of the 1f7/2

orbit. If this orbit is perfectly isolated, one can extract TBMEs from observed
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energy levels as follows. First, energies of the states which consists of two
valence particles and the closed core are written, using experimental SPE
ε(f7/2), as

E(J) = 2ε(f7/2) + VJ , (17)

where

VJ = 〈f7/2, f7/2, J, T = 1|V |f7/2, f7/2, J, T = 1〉. (18)

Next, TBMEs are determined so that E(J) in Eq. (17) reproduces the exper-
imental energies of the corresponding states. However, the case of the 1f7/2

orbit is too simple. Other cases cannot be handled this way. For instance,
Arima et al. have carried out a χ2 fit of TBMEs for 1d5/2 and 2s1/2, accord-
ing to the following procedure.

(1) TBMEs are assumed,
(2) Energy eigenvalues are calculated,
(3) χ2 is calculated between theoretical and experimental en-

ergy levels,
(4) TBMEs are modified. Go to Eq. (2), and iterate the pro-

cess until χ2 becomes small enough.

They applied the above procedure to 0+, 2+, and 4+ states in 18O, which
was assumed to be a system of two valence orbits, d5/2 and s1/2, on the top
of the closed shell (16O). The TBMEs

〈d5/2, d5/2, J, T = 1|V |d5/2, d5/2, J, T 〉,
〈d5/2, s1/2, J, T = 1|V |d5/2, s1/2, J, T 〉,
〈s1/2, s1/2, J, T = 1|V |s1/2, s1/2, J, T 〉, etc.

were determined. The idea of the χ2 fit does not work for the full sd shell,
however. In obtaining the USD interaction, Wildenthal and Brown carried out
only a partial fit. One can choose some TBMEs whose linear combinations are
sensitive to energies of low-lying states. They adjusted 47 linear combinations
out of 63 TBMEs and three SPE’s. The rest were taken from G-matrix result
of Kuo. The USD was thus created [4].

The same idea was taken for determining the GXPF1 interaction, which
was created for the description of pf shell nuclei including the middle region
[14, 15]. The GXPF1 is based on the G-matrix interaction by H.-Jensen et al.
[16]. There is also the KB3 interaction and its family for the pf shell, which
are particularly good for the beginning of the pf shell [17, 18].

Figure 14 shows the correlations between TBME of G-matrix of H.-Jensen
et al. and the corresponding TBME of GXPF1. If the empirical fit does not
change TBMEs, all the points should be lined up on the y = x line in Fig. 14.
Indeed all points are near the y = x line, but there are deviations. These
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Fig. 14. GXPF1 TBME vs. G-matrix TBME

deviations are results of the fit. The fit was made for 699 levels. One finds
some general trends: T = 0 TBMEs are shifted to be more attractive as a
whole, while T = 1 are made more repulsive. In Fig. 14, the orbits, J and T
are shown for some points. One sees that the T = 0 coupling between 1f7/2

and 1f5/2 is strong.
Using this GXPF1 interaction, many interesting results have been obtained

[14, 19–56]. In particular, the issues like N = 32 and N = 34, new magic
numbers have been extensively studied as well as deformation of Ti, Cr, and
Fe isotopes.

3 The N = 20 Problem: Does the Gap Change?

One of the most prominent points around the so-called island of inversion has
been the changing shell gap between the sd and pf shells. Figure 15 indicates
how the gap depends on the proton number Z. This N=20 gap is about 5–
6 MeV for 40Ca. The conventional idea leads us to a constant gap, as shown in
Fig. 15. The SDPF-M interaction, which was obtained in [57] and described
in [58], reproduces various peculiar phenomena in N=18–22 isotopes of F,
Ne, Na, Mg, Al, and Si. This interaction produces a varying gap, as shown
in Fig. 15, which turned out to be essential for good agreement with many
experimental data obtained in MSU, GANIL, GSI, and RIKEN in recent years
[57, 59–72].



Shell Structure of Exotic Nuclei 19

2016128
0

4

8

Proton Number (Z)

G
ap

 (
M

eV
)

CaSMgO

NN  ==  20 magic gap20 magic gap

New (SDPF-M) interaction

ConventionalConventional

Fig. 15. N = 20 gap obtained by the SDPF-M interaction (red points). Blue line
indicates a constant gap set by 40Ca doubly magic nucleus

We discuss briefly below why the gap changes. Before moving there, we
would like to point out that, once the gap becomes smaller, two shells tend
to merge, and there will be many particle–hole excitations. This means that
appropriate shell model calculations can be done only with a huge Hamil-
tonian matrix, making conventional shell model calculations more difficult.
Thus, the Monte Carlo Shell Model plays crucial roles in the studies of exotic
nuclei.

The gap change, which is the most prominent consequence of the shell
evolution, is now known to be primarily due to the tensor force. For this
discussion, the reader is referred to the original papers [73–76]. Figure 16 was
taken from [73] with an addition. This figure suggests how SPEs are changed
due to a particular part of the nucleon–nucleon interaction. When this paper
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Fig. 16. Mechanism of the shell evolution. Note that the gap shown is the N = 20
gap for N = 16, whereas the one shown in Fig. 15 is the same gap but for N = 20



20 T. Otsuka

was published, it was reported that the strong proton–neutron interaction
between spin–flip partners (j> and j<) is the origin of some shell evolution,
but its fundamental origin was only speculation. Later, the tensor force has
been shown to be the origin. So, we now put a “tensor” force into Fig. 16 by
the bold-wavy line. The change of the N=20 gap in Fig. 15 is now understood
as being due to the tensor force.

4 Summary

The basic points of formulation and the properties of the shell model are
presented without going to details or sophisticated theories. These can be
found in standard textbooks.

We would like, however, to emphasize one point. Mayer–Jensen’s magic
numbers are a robust conclusion arising from the short-range attraction of
the nuclear force, density saturation and the spin–orbit force. These are sound
and cannot be thrown away. Therefore, if there is any deviation, one needs
something new. The spin–isospin interactions have been studied in the context
of mean potential arguments in the past, but there have been no extensive
studies, whereas these interactions have been known and been studied in other
contexts. Once their effects were studied, it was found that there are robust
and intuitively understood mechanisms that change the shell structure. But,
to see this, one needs to change the neutron (or proton) number considerably.
It was done for Sb isotopes by Schiffer et al. [77], but generally requires rare
isotope beam experiments. So, the shell evolution due to the tensor force,
and maybe other as yet unknown physicvs, will open an new era in nuclear
structure research.

Acknowledgement

Drs M. Honma, Y. Utsuno, T. Mizusaki, N. Shimizu, T. Suzuki, and N. Akaishi
for their help on theoretical parts of works related to this work. There
are many experimentalists who helped this work. The author is grateful to
Mr. K. Tsukiyama for his assistance in making the manuscript.

This work has been supported in part by the JSPS Core-to-Core project
“International Research Network for Exotic Femto Systems”.

References

1. M.G. Mayer, Phys. Rev. 75 1969 (1949). 4
2. O. Haxel, J.H.D. Jensen and H.E. Suess, Phys. Rev. 75 1766 (1949). 4
3. A. Bohr, B.R. Mottelson,Nuclear Structure, Vol. 1, (Benjamin, New York 1969). 7, 14
4. B.A. Brown, B.H. Wildenthal, Annu. Rev. Nucl. Part. Sci. 38, 29 (1988). 12, 17



Shell Structure of Exotic Nuclei 21

5. T.T.S. Kuo, Nucl. Phys. A103, 71 (1967). 12
6. A. Arima, H. Horie, Prog. Theor. Phys. 11 509 (1954). 14
7. R.J. Blin-Stoyle, M.A. Perks, Proc. Phys. Soc. (London) 67A 885 (1954). 14
8. A. Gade et al. Phys. Rev. Lett. 93 042501 (2004). 14
9. E. Caurier, G. Martinez-Pinedo, F. Nowacki, et al., Rev. Mod. Phys. 77 427

(2005). 16
10. M. Honma, T. Mizusaki, T. Otsuka, Phys. Rev. Lett. 75, 1284 (1995). 16
11. T. Otsuka, M. Honma, T. Mizusaki, Phys. Rev. Lett. 81, 1588 (1998).
12. T. Otsuka, M. Honma, T. Mizusaki, N. Shimizu, Y. Utsuno, Prog. Part, Nucl.

Phys. 47 319 (2001). 16
13. N. Shimizu, T. Otsuka, T. Mizusaki, M. Honma, Phys. Rev. Lett. 86, 1171

(2001). 16
14. M. Honma, T. Otsuka, B.A. Brown, T. Mizusaki, Phys. Rev. C 65, 061301

(2002). 17, 18
15. M. Honma, T. Otsuka, B.A. Brown, T. Mizusaki, Phys. Rev. C 69, 034335

(2004). 17
16. M. Hjorth-Jensen, T.T.S. Kuo, E. Osnes, Phys. Repts. 261, 125 (1995). 17
17. A. Poves, A.P. Zuker, Phys. Repts. 70, 235 (1981). 17
18. A. Poves, J. Sánchez-Solano, E. Caurier, F. Nowacki, Nucl. Phys. A694, 157

(2001). 17
19. R.V.F. Janssens, B. Fornal, P.F. Mantica, B.A. Brown, R. Broda,

P. Bhattacharyya, M.P. Carpenter, M. Cinausero, P.J. Daly, A.D. Davies,
T. Glasmacher, Z.W. Grabowski, D.E. Groh, M. Honma, F.G. Kondev,
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J.R.B. Oliveira, M.N. Rao, R.V. Ribas, W.A. Seale, K.T. Wiedemann,
B.A. Brown, M. Honma, T. Mizusaki, T. Otsuka, J. Phys. G 31, s1577 (2005)

39. R. du Rietz, S.J. Williams, D. Rudolph, J. Ekman, C. Fahlander, C. Andreoiu,
M. Axiotis, M.A. Bentley, M.P. Carpenter, C. Chandler, R.J. Charity, R.M.
Clark, M. Cromaz, A. Dewald, G. de Angelis, F. Della Vedova, P. Fallon,
A. Gadea, G. Hammond, E. Ideguchi, S.M. Lenzi, A.O. Macchiavelli, N.
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68. Zs. Dombrádi, Z. Elekes, A. Saito, N. Aoi, H. Baba, K. Demichi, Zs. Fu-
lop, J. Gibelin, T. Gomi, H. Hasegawa, N. Imai, M. Ishihara, H. Iwasaki, S.
Kanno, S. Kawai, T. Kishida, T. Kubo, K. Kurita, Y. Matsuyama, S. Michi-
masa, T. Minemura, T. Motobayashi, M. Notani, T. Ohnishi, H.J. Ong, S. Ota,
A. Ozawa, H.K. Sakai, H. Sakurai, S. Shimoura, E. Takeshita, S. Takeuchi,
M. Tamaki, Y. Togano, K. Yamada, Y. Yanagisawa, K. Yoneda, Phys. Rev.
Lett. 96, 182501 (2006).

69. J.R. Terry, D. Bazin, B.A. Brown, C.M. Campbell, J.A. Church, J.M. Cook,
A.D. Davies, D.-C. Dinca, J. Enders, A. Gade, T. Glasmacher, P.G. Hansen,
J.L. Lecouey, T. Otsuka, B. Pritychenko, B.M. Sherrill, J.A. Tostevin, Y. Ut-
suno, K. Yoneda, H. Zwahlen, Phys. Lett. B 640, 86 (2006).

70. P. Himpe, G. Neyens, D.L. Balabanski, G. Belier, D. Borremans, J.M. Daugas,
F. de Oliveira Santos, M. De Rydt, K. Flanagana, G. Georgievd, M. Kowal-
skae, S. Mallion, I. Matea, P. Morel, Yu.E. Penionzhkevich, N.A. Smirnovag.
Stodel, K. Turzoa, N. Vermeulen, D. Yordanov, Phys. Lett. B 643, 257
(2006).

71. A. Gade, P. Adrich, D. Bazin, M.D. Bowen, B.A. Brown, C.M. Campbell, J.M.
Cook, S. Ettenauer, T. Glasmacher, K.W. Kemper, S. McDaniel, A. Obertelli,
T. Otsuka, A. Ratkiewicz, K. Siwek, J.R. Terry, J.A. Tostevin, Y. Utsuno, D.
Weisshaar, Phys. Rev. Lett. 99, 072502 (2007).

72. V. Tripathi, S.L. Tabor, P.F. Mantica, Y.. Utsuno, P. Bender, J. Cook,
C.R. Hoffman, S. Lee, T. Otsuka, J. Pereira, M. Perry, K. Pepper, J.
Pinter, J. Stoker, A. Volya, D. Weiisshaar, Phys. Rev. C 76, 021301(R)
(2007). 18

73. T. Otsuka et al., Phys. Rev. Lett. 87, 082502 (2001). 19
74. T. Otsuka, T. Suzuki, R. Fujimoto, H. Grawe, Y. Akaishi, Phys. Rev. Lett. 95,

232502 (2005).
75. T. Otsuka, T. Matsuo, D. Abe, Phys. Rev. Lett. 97, 162501 (2006).
76. T. Otsuka, M. Honma, D. Abe, Nucl. Phys. A 788, 3c (2007). 19
77. J.P. Schiffer et al., Phys. Rev. Lett. 92, 162501 (2004). 20


	Shell Structure of Exotic Nuclei
	T. Otsuka
	Basics of Shell Model
	Construction of an Effective Interaction and an Example in the pf Shell
	The N=20 Problem: Does the Gap Change?
	Summary
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




