Chapter 4

Effective Field Theories of Loosely Bound Nuclei
U. van Kolck

4.1 Introduction
Exotic nuclei challenge models constructed for ordinary nuclei, which differ in their
predictions for the positions of the driplines. Near these borders of the nuclear chart,
a nucleus has one or more loosely bound nucleons that can easily be separated from
the rest. In the simplest “halo” or “cluster” configurations, one or more clusters of
tightly bound nucleons (“cores”) are surrounded by a few nucleons at relatively large
distances, which exceed the range of the strong force, r0 ∼ /mπ c  1.4 fm where
mπ  140 MeV/c2 is the pion mass. Since in classical mechanics the orbital distance
is given by the range of the force, these loosely bound systems are intrinsically
quantum mechanical and can display a variety of peculiar phenomena. For example,
in a “Borromean” halo, the system is bound even though its subsystems are not.
Nevertheless, loosely bound systems are theoretically simpler than their more
deeply bound counterparts. The reason is a fundamental “decoupling” principle according to which physics at a given distance scale is insensitive to the details of
dynamics at much shorter distances. The short-distance dynamics can be captured
instead by a finite number of parameters, whose number depends on the precision
we want to achieve at the scale of interest. For the large distances characteristic of
loosely bound systems, we can take the potential among constituents to be, in a first
approximation, Dirac delta functions. Such a simplification means that systems with
different constituents, say nucleons or atoms, can have very similar dynamics, differing only in the strength of the delta functions and the relative importance of the
various possible interactions. This “universality” means that one can explain phenomena across subfields of physics using the same theoretical concepts and tools.
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The decoupling principle has underlaid physics research from its beginning, and
for the last thirty years or so has been formalized in the concept of effective field
theories (EFTs). EFTs provide a systematic method to account for short-range dynamics even when the latter is unknown. As such, this principle can be, and of
course has been, applied much more widely than the exotic nuclei of interest in this
school. Even in nuclear physics, its first applications, started some twenty years ago,
have been to distances scales of order r0 [1–10]. We know that the theory of strong
interactions at distances small compared to /MQCD c, where MQCD ∼ 1 GeV/c2
is the hadronic mass scale, is given by quantum chromodynamics (QCD), a gauge
theory of quarks and gluons. At larger distances QCD is non-perturbative in its coupling constant and more easily described in terms of hadrons. An EFT—“Chiral” (or
“Pionful”) EFT—can be constructed at distances comparable to r0 which includes
pions and correctly incorporates the approximate symmetries of QCD such as chiral symmetry. This EFT forms the basis for a description of all nuclei, and is now
the main input to the rapidly developing “ab initio” methods for the derivation of
nuclear structure and reactions.
For distances much larger than r0 , pion exchange can be regarded as a shortrange effect, and nuclear interactions reduce to delta functions and their derivatives.
This “Contact” (or “Pionless”) EFT is relevant for light nuclei because the twonucleon scattering lengths—that is, the two-nucleon scattering amplitude at zero
energy—are much larger than r0 , for reasons that are not well understood but we
will return to. Large scattering lengths signal loosely bound states, and indeed the
low-energy behavior of the lightest nuclei can be described systematically in this
EFT. Universality means that with relatively small modifications this EFT can be
applied to atomic systems with scattering lengths that are large compared to the Van
der Waals length scale. It also means that a similar EFT—“Halo/Cluster” EFT—can
be constructed for larger loosely bound nuclei, where cores are treated on the same
footing as valence nucleons.
These lectures are an introduction to both the general ideas behind EFTs and the
specific applications to nuclear physics. The first lecture presents the ingredients of
an EFT, articulates the view of the world afforded by EFTs, and gives both classical
and quantum-mechanical examples. The second lecture introduces the Chiral EFT
relevant for ordinary nuclei, and describes some of its features with an emphasis
on the crucial, singular character of pion exchange. In the final lecture I come to
the EFTs most relevant for loosely bound systems, Pionless and Halo/Cluster EFTs.
These lectures are not meant as a comprehensive review of the field, for which I
refer you to, for example, Refs. [11–16]. Instead, they stress basic ideas and some
of the conceptual subtleties and open problems, which are often shoved under the
technical rug weaved by the many successful applications of nuclear EFTs.

4.2 Nuclear Physics Scales and Effective Field Theories
Nuclear physics has a long and venerable history. A large amount of nuclear data
can be described within a picture that emerged in large part before QCD:
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• nuclei are essentially made out of non-relativistic nucleons with two isospin states
(protons and neutrons) of nearly equal mass mN  940 MeV, which interact via
a potential;
• the potential is mostly two-body, with an important one-pion-exchange component, but there is evidence for smaller three-body forces;
• isospin is a good symmetry, except for electromagnetic interactions, a sizable
breaking in the two-nucleon scattering lengths, and other, smaller effects—for
example, the neutron-proton mass difference is just mn − mp  1.3 MeV;
• external probes, such as photons, interact mainly with each nucleon separately,
although there is evidence for smaller few-nucleon currents.
In contrast, QCD with the lightest quarks has almost opposite features:
• up and down quarks have an average (“current”) mass m̄ = (mu + md )/2 that is
relatively small, so that they can easily be relativistic, and interact via (relativistic)
gluon exchange;
• the interaction is a multi-gluon, and thus multi-quark, effect;
• isospin symmetry is not obvious since the relative mass splitting ε = (md −
mu )/2m̄ ∼ 1/3 is not particularly small;
• external probes can interact with the collective of quarks called a hadron.
This situation automatically begs a question that is now central to the field: how does
nuclear structure emerge from QCD? This is a contemporary version of a problem
that has defied legions of researchers for decades: what holds the nucleus together?
In these lectures we will see how EFTs help us answer this question. The key
to start tackling this problem lies on its multi-scale character. If you go through the
tables of the Particle Data Book [17] you will see that hadron masses cluster—with
a few notable exceptions to which we will come back in the next lecture—in the
few-GeV region. This observation suggests that QCD has an intrinsic mass scale
MQCD ∼ 1000 MeV/c2 . On the other hand, when you put A nucleons together to
form nuclei, you find, very roughly, binding energies per nucleon B/A ∼ 10 MeV
1/2
and charge radii r 2 ch /A1/3 ∼ 1 fm. This is consistent with a non-relativistic dispersion relation where the typical binding momentum is Mnuc c ∼ 100 MeV/c. Thus,
we face three energy scales,
MQCD c2 ∼ mN c2  1000 MeV,
2
Mnuc
c2 /MQCD ∼ 10 MeV.

Mnuc c2 ∼ 100 MeV,

(4.1)

There is, of course, a very familiar multi-scale problem: the H atom, or more
generally, a two-body Coulombic state with reduced mass μ. The Hamiltonian can
be written in the center-of-mass frame with relative coordinate r and momentum p
as



 2
αc
p2
p
2
(4.2)
−
1 + O α; 2 2 ; 2 2 2 ,
H=
2μ
r
μ c μ c r
where α ≡ e2 /4πc  1/137  1 is the small fine-structure constant. A quick and
dirty way to uncover the scales of the resulting quantum-mechanical states is to say
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that they are characterized by a size r ∼ rat and a momentum p ∼ pat ∼ /rat , so
2 ) − αc/r , has a minimum at r = /(αμc). There
that the energy E ∼ 2 /(2μrat
at
at
are thus three energy scales, which for the H atom are
μc2  me c2  0.5 MeV,

pat c ∼ αμc2  3.6 keV,

2
pat
/(2μ) ∼ α 2 μc2 /2 ∼ 13.6 eV,

(4.3)

where me is the electron mass. As this very simple analysis shows, the three separate
scales arise from the smallness of α, which also allows a controlled exploration of
the effects of the corrections in Eq. (4.2).
In low-energy QCD, however, there is no obvious small coupling constant. In
contrast to α, which increases (albeit slowly) as the energy scale increases, the analogous QCD fine-structure constant αs increases as the energy scale decreases, and it
becomes of O(1) around MQCD c2 . Hadronic models of low-energy data have also
failed to unveil any small coupling constant. So, for a controlled approach to nuclear
physics we need a method to deal with multi-scale problems that does not rely on
small coupling constants. Such a method is EFT.

4.2.1 Basic Ideas
An EFT is from the outset designed to address physics at the desired resolution
scale, and it substitutes a small ratio of physical scales for a coupling constant as an
expansion parameter. The framework evolved from the work of Weinberg, Wilson,
and many others in the 60s and 70s, and was clearly articulated at the end of the
70s [18]. For a sample of introductions to EFT, see Refs. [19–22].
An EFT puts together in a single formal framework four basic ingredients, a
couple of which are frequently used separately in model building:
1. Relevant degrees of freedom. The degrees of freedom one should use depend on
the resolution we aim for. Although physics is independent of the specific choice
of coordinates, some choices simplify the theoretical description significantly.
Take, for example, a painting by the French Neo-Impressionist master, GeorgesPierre Seurat. Looking closely, you see that it is made of colorful blobs of paint.
Yet, at the resolution scale relevant for viewing in, say, a museum, the blobs fuse
together in larger-scale images, e.g. a face. Although we can describe any part
of the painting by giving a list of blob coordinates, the same part of the painting
might be more efficiently described by concepts appropriate to the scale of the
larger image, e.g. a mustache. In other words, choose the degrees of freedom that
best fit your problem.
2. All possible interactions. The effective degrees of freedom interact in all possible ways. Take another example: a system consisting of a satellite around the
Earth, and the nearby Moon. Certainly, there are gravitational interactions between any two bodies of this three-body system. But there is also an indirect
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effect of the Moon on the satellite motion because of the tidal deformation of the
Earth. On the large distance scale set by the Earth-Moon separation (384 Mm),
the radii of Earth (6.4 Mm) and Moon (1.7 Mm) are small and they can be
well approximated by points where the whole mass of the body is concentrated.
In the point-like picture, the tide-mediated interaction is represented by a threebody force, which is an effect among three bodies that disappears when any of
the bodies is removed. More generally, whatever is not forbidden is compulsory,
and exists at some level of precision.
3. Symmetries. Symmetries play a fundamental role in physics, which is stressed in
a traditional joke. There are several versions, but they all involve a cow with deficient milk production, two other scientists (typically a biologist and a chemist)
who view the problem as complex, and a physicist who thinks it simple. The
physicist’s solution starts with “First, consider a spherical cow. . . ”. The reason
this joke is well known is that it does capture what we do. In this case, if you
consider two vectors (u, v) used in the description of the cow, spherical symmetry will ensure that a bilinear combination of them appears in scalar quantities in
the form of the scalar product (u · v) rather than the most general combination
of components (e.g. u1 v2 ). The lesson is that, thanks to symmetries, not everything is allowed. Of course, most of the time symmetries are only approximate,
and indeed the joke often continues, “Next, we treat the head in perturbation theory. . . ”. That is, the other bilinear combinations do appear, but as long as the cow
is pretty healthy, they are preceded by dimensionless parameters which are small
compared to 1, and thus amenable to perturbation theory.
4. Naturalness. This is perhaps the most distinguishing feature of EFTs, adapted
from a principle proposed by ’t Hooft [23]. After relevant scales have been identified, the remaining, dimensionless parameters are O(1), unless suppressed by
a symmetry. (Recall the cow non-sphericity.) The justification is Occam’s razor:
this is the simplest assumption one can make about an infinite number of interaction strengths. It is crucial for an EFT, because in the absence of large quantities,
we can expect observables to be amenable to an expansion in the small ratio
between the scale characteristic of short-range physics left out of the theory and
the distances of interest—or, alternatively, the inverse of the corresponding momentum or energy scales. This assumption is, of course, to be revised when necessary. If interactions strengths are found to deviate systematically from it, it is
possible that a particular scale has been left out or misidentified; after we account
for it, naturalness is expected once again. Of course we might expect deviations
for a finite number of interaction strengths anyway, in which case we speak of
fine-tuning and incorporate it in a case-by-case basis.
Let me consider a simple classical example: a light object of mass m near the
surface of a very large body that produces a gravitational acceleration of magnitude
g. Simple experiments at energies E ∼ mgh, where h is the height of the object,
suggest that the important degree of freedom is the position, and that there is an
(approximate) translation symmetry, so that the effective potential Veff is a function
of h only. This description will break down at some energy, which I will call Eund ≡
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mgR. For E  Eund , or equivalently h  R, the most general effective potential
can be written as an expansion
Veff (h) = m

∞


gi hi = const + mgh(1 + ηh + · · · ),

(4.4)

i=0

where gi are parameters (g1 ≡ g, g2 ≡ ηg) and I am neglecting quantum corrections
that could give rise to non-analytic h dependence. Naturalness means
mgi+1 hi+1
E
h
=
× O(1) = × O(1),
i
mgi h
Eund
R
which in turn implies


g
.
gi+1 = O
Ri

(4.5)



(4.6)

If we carry out very precise experiments we can obtain values not only for g but also
for η and other parameters, testing Eq. (4.6). In fact, given a desired accuracy, we
need only a few terms in this expansion—in daily life only the linear one. Of course
this example is somewhat artificial because we already know, thanks to Newton’s
apple, that, if the large object has mass M and is approximately spherical with a
radius R, it produces a gravitational potential energy

∞ 
GM
GM  −1 i−1 i
V = −m
=m 2
h.
R+h
R
R

(4.7)

i=0

In this case
g
GM
, g= 2 ,
(4.8)
i
R
R
so that Eq. (4.6) is indeed fulfilled, and we can identify the breakdown scale R
of the effective theory with the radius of the large body. Still, this simple example
illustrates why naturalness is such a, well, natural assumption: it is not so easy to
come up with situations where Eq. (4.6) would fail. If, say, we had misidentified
the scale R by a factor of O(1), Eqs. (4.4) and (4.6) would still apply. Of course,
in a more realistic case, the lack of exact spherical symmetry of the large body
(say a mountain nearby) manifests itself in a breaking of translation symmetry. This
breaking leads to a dependence of Veff on the other two spatial coordinates, but
the corresponding terms are relatively suppressed by powers of the ratio between a
parameter encoding spherical asymmetry and the large body size—the cow raises
its head again.
It is in the quantum context, however, that EFTs come to full force, because virtual processes explore all possibilities allowed by symmetries. In this context it is
perhaps easiest to think in terms of path integrals. When there are various possibilities for a process, the probability of the outcome is the square of the sum of the
gi+1 = (−1)i
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amplitudes for each possibility, each amplitude being proportional to the exponential of (i/) times the Hamilton action. After integrating over momenta, the total
amplitude is expressed in terms of trajectories q(t) in coordinate space as
 



i
A = Dq exp
dtL q(t) ,
(4.9)

where L is the Lagrangian (not necessarily the classical one. . . ). The measure Dq
stands for the sum over all possible trajectories. To make it well defined, we divide
the time interval for the process in a set of discrete values ti , i = 0, . . . , N , with
ti+1 − ti ≡ /(Λc). (More complicated slicings are certainly also possible.) The
action becomes a sum over each time slice and the measure is the well-defined
product of integrals,

N −1 
(4.10)
dq(ti ).
Dq =
i=1

This procedure is called regularization and the (momentum) scale Λ is referred to
as the ultraviolet (UV) regulator parameter or cutoff. The classical path arises as the
one that extremizes the action.
But what do we do with Λ? It is something I introduced by hand: psychology
if you will, not physics. Physics is obtained from the S matrix, which is related
to the scattering amplitude or the T matrix. Taking elastic two-particle scattering
for simplicity, in the prototypical experiment two asymptotically free particles approach with a relative (on-shell) momentum p and scatter into an asymptotically
free state of relative (on-shell) momentum p , with |p | = |p| ≡ k from energy conservation. The probability for the final state depends on k and the angle θ of p
with respect to p. It is usually convenient to expand the θ dependence in Legendre
polynomials corresponding to angular momenta l = 0, 1, . . . . The coefficients Tl (k)
are the partial-wave amplitudes, which are usually parametrized in terms of phase
shifts δl (k), from which the cross section can be obtained. The poles of Tl (k) in
the complex momentum plane can be of two types: (i) a pole in the imaginary axis,
k = iκB , corresponding to a real (κB > 0) or virtual (κB < 0) bound state of energy
E = −B = −κB2 /2μ + · · · < 0; (ii) a pair of poles elsewhere in the lower half-plane,
k = ±κR − iκI , κR,I > 0, representing a resonance of complex energy.
The procedure of ensuring observable quantities are independent of the regularization is called renormalization. Depending on the interactions, the most relevant
paths will have structure at a certain time scale, let me call it /Mc2 . Certainly
we want Λ
Mc in order to capture the structure at this scale. But let me suppose we are interested in dynamics over a larger time scale /mc2 in terms of a
mass scale m  M. In this case we might be satisfied with a smaller cutoff, as
long as Λ mc. In the coarse-graining procedure of reducing the cutoff—called
renormalization-group (RG) running—we induce errors by approximating trajectories with fine structure by a coarse set of points. We can mitigate these errors by
keeping in the Lagrangian not only the positions at each slice q(ti ), but also the first
derivative (dq/dt)(ti ) and higher derivatives, for progressively better accuracy. In
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general, as discussed earlier, we also might want to change our coordinates to a new,
more efficient set which is some function of the older one, q̃(ti ) = f (q(ti )). This is
accomplished by introducing





(4.11)
1=
d q̃(ti )δ q̃(ti ) − f q(ti ) ≡ D q̃δ q̃(t) − fΛ q(t)
i

in Eq. (4.9). Inverting the order of integrals we arrive at
 



i
A = D q̃ exp
dtLeff q̃(t) ,

where, schematically, the effective Lagrangian is



Leff (q̃) =
cndm (M, Λ)O q̃ n , d d q̃/dt d

(4.12)

m

.

(4.13)

n,d,m

Here O represents a combination of various powers of the new coordinate and its
derivatives at the same instant, since we cannot resolve time intervals  /(Λc)
because of the uncertainty principle. The respective coefficient, cndm , is called a
low-energy constant (LEC), and depends in general not only on the underlying dynamics at scale M but also on the regulator Λ.
In principle the effective Lagrangian can be obtained from the integral over the
original coordinates, but regardless of our ability to do so, the path integral (4.12)
forms the basis for the effective theory. From it we can obtain the T matrices for
various low-energy processes, the goal of effective theory being to write each in a
controlled expansion. Again taking a simple two-body elastic scattering for illustration, we want that, for k ∼ mc,
Tl (k) =

∞

ν≥νmin





k k
k ν
;
,
c̃ν (M, Λ)
Fl;ν
Mc
mc Λ

(4.14)

where ν is a counting index with a minimum value νmin , the new coefficients c̃ν are
related to the cndm appearing in the Lagrangian, and the Fl;ν are calculable functions of the light scales and the cutoff, which are obtained by solving the dynamical
equations (like the Schrödinger or Lippmann-Schwinger equations) of the theory.
We refer to the terms with ν = νmin as leading order (LO), ν = νmin + 1 as next-toleading order (NLO), and so on. Since Λ is arbitrary, the coefficients c̃ν (and thus
the cndm ) have to be such as to ensure “RG invariance”,
dTl (k)
= 0.
dΛ

(4.15)

The relation between ν and the labels (n, d, m) of the expansion (4.13) is called
power counting. Frequently the least trivial aspect of an effective theory, power
counting is necessary for any predictive power. A truncation of Eq. (4.14) guarantees
that only a finite number of LECs appear, but in principle introduces regularization
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errors. These errors will be relatively small as long as they scale as inverse powers
of k/Λ,



k k
(ν̄)
Tl (k) = Tl (k) 1 + O
,
,
Mc Λ

 
dTl(ν̄) (k)
k
,
=
O
(ν̄)
dΛ
Λ
T (k)
Λ

(4.16)

l

with ν̄ denoting the chosen truncation. For this to happen, there need to be enough
LECs at each order to remove non-negative powers of Λ, otherwise the power counting is not consistent (with the RG). Once we have ensured that errors scale appropriately, we want at least Λ mc and, optimally, Λ  Mc, as in the latter case the
regularization errors are no larger than the errors coming from the incomplete accounting of short-range physics. In fact, as long as regulator errors come in the form
(4.16) one can use a variation of Λ from Mc to very large values as an estimate of
the full truncation error.
So far I have presented the ideas of EFT without invoking the notion of “field”
directly, although historically they were first formalized in terms of relativistic quantum fields. The path q(t) can be thought as a field over time, but closer contact with
field theory arises if we “second quantize” the system, by elevating the wavefunction
ψ to an operator. In the path integral formulation above one replaces
q(t) → ψ(r, t), ψ ∗ (r, t),

t → r, t,

dt → drdt,

(4.17)

so ψ is now a non-relativistic field over the four spacetime coordinates r, t. Relativity can be introduced by enforcing SO(3, 1) invariance, which is most easily
accomplished by employing a field with definite transformation properties under
the Lorentz group. We will return to the connection between relativistic and nonrelativistic field theories in the next subsection. From now on I use units where
 = 1 and c = 1, so the dimensions of mass, energy, momentum, inverse position,
and inverse time are all the same.
The EFT Lagrangian has a form similar to Eq. (4.13), which includes terms with
an arbitrary number N of fields and their derivatives. It is usually convenient to discuss quantum field theory starting from an expansion around the free theory and, in
non-perturbative situations, “resum” parts of this expansion. The free terms define
the “canonical (mass) dimension” of the fields. With our choice of units, the action
is dimensionless so each term in the Lagrangian has mass dimension 4. If an operator O has canonical dimension D, the LEC has mass dimension 4 − D. The EFT
involves interactions with arbitrary D. The terms in the expansion of the exponential of the action have a correspondence to more intuitive Feynman diagrams, which
can be thought as representing the propagation of particles interspaced with their
interactions. The former is represented by lines (“propagators”) carrying a fourmomentum and the latter by line intersections (“vertices”) where four-momentum is
conserved, each associated with a specific factor. A closed loop implies a free fourmomentum that is integrated over. The corresponding integrals are well-defined in
general only after regularization, which removes the contributions from high momenta at the cost of the arbitrary UV regulator parameter Λ. Details can be supplied
by a good book on quantum field theory, such as Ref. [24].
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In these terms, the recipe for an EFT is essentially:
1. identify the relevant degrees of freedom (represented by fields) and symmetries
(groups of discrete or continuous, global or local transformations);
2. construct the most general Lagrangian with these ingredients;
3. postulate a power counting to truncate physical amplitudes;
4. run the methods of field theory to calculate amplitudes, that is, compute Feynman diagrams for momenta Q < Λ (regularization) and relate the LECs to observables so that the latter are independent of Λ (renormalization);
5. if this is achieved and the now well-defined expansions are well behaved, declare
victory; otherwise, return to step 3, or earlier if necessary.
Renormalization in step 4 is crucial. Short-range physics appears in both the
high-momentum components of loops and in the LECs, and changes in Λ merely
shuffle it from one to the other. RG invariance effectively guarantees that the relevant
momenta in diagrams are set by the external momenta, so that, as long as the external
momenta are relatively small, successive terms in the expansions of the various
amplitudes will be smaller and smaller.
The observables used as input in step 4 can be experimental data or the result of
a calculation in the underlying theory, if the latter is known and can be solved in the
low-energy domain of the EFT. In this case we speak of matching the EFT to the
underlying theory. When the EFT shares the symmetries of the underlying theory
this matching must be possible, if one accepts Weinberg’s “theorem” [18]:
The quantum field theory generated by the most general Lagrangian with some assumed
symmetries produces the most general S matrix incorporating quantum mechanics, Lorentz
invariance, unitarity, cluster decomposition and those symmetries, with no further physical
content.

This “theorem” has not been proved in general but to my knowledge no counterexamples are known. In specific examples, such as the one in the next subsection, one
can verify that this “theorem” works.
Weinberg’s “theorem” embodies the most important difference between an EFT
and simple models. Models can be very useful in guiding step 1 (and sometimes 3),
but they fail to be fully consistent with all the low-energy consequences of the underlying theory, which is only guaranteed with step 2. Sometimes models do contain
interactions with arbitrarily many derivatives in the form of ah hoc “form factors”
attached to vertices with otherwise no (or few) derivatives. These form factors, involving a finite number of parameters (usually one), play the dual role of representing a physical effect (the coordinate profile of a particle) and of regulating integrals.
In EFT the physics of particle structure is represented by the higher-derivative interactions, each with its own LEC, while the infinities in integrals are avoided with an
unphysical regulator. (Without step 4, the regulator would become indistinguishable
from an universal form factor and observables would depend on Λ in addition to the
infinite number of LECs that parametrize the most general Lagrangian.) A model of
the underlying theory, if it includes the right symmetries, can also be represented at
low energies by the EFT, with specific relations between the LECs given by the limited number of parameters of the model (including form-factor parameters, if any).
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But, as long as RG invariance has been achieved, the arbitrarily higher-derivative
interactions ensure that the EFT represents all models with the right symmetries.
When the underlying theory is not known, or cannot be solved, EFT provides a
model-independent approach to data.
Even when the matching of the EFT to the underlying theory can be done, there
are advantages in using the EFT at low energies, because it is inefficient to keep
explicit in the theory very massive degrees of freedom instead of emergent, lowmass states. No progress in nuclear theory will make it preferable to calculate atomic
and molecular properties directly from a collection of protons and neutrons, rather
than from a point nucleus with a few relevant parameters (which in turn can be
calculated from a collection of protons and neutrons). The heavy degrees of freedom
are “integrated out”, their contribution subsumed in the LECs.
If the EFT is natural, one expects no cancellations between the bare LECs and
the high-momentum components of loops, at least for changes in Λ of O(1). Now,
loops typically come with factors of 4π . For a LEC c of an operator of canonical
dimension D involving N fields, it is convenient to define a “reduced LEC” that is
dimensionless and includes some factors of 4π ,
cR ≡ M D−4 c/(4π)N −2 .

(4.18)

It can be inferred [25, 26] from examples based on perturbative matching that cR
is usually of the order of the product of reduced couplings of the underlying theory
that generate it. Examples of this “naive dimensional analysis” (NDA) will be given
later, starting in the next subsection. There is no guarantee that it will always work,
but it is usually at least a good first guess on which to base a power counting.
For an effective field theorist, nature has the onion-like structure of a sequence
of EFTs ordered according to energy (or inverse distance) scale. (Whether this sequence ends at some high energy is metaphysics.) Thus, EFT provides a framework
for both reductionism and emergence in physical theories. This and other philosophical implications of EFT are lucidly discussed in Refs. [27, 28].
In the remaining lectures I will focus on the EFT at a few GeV and its stronginteraction sector as a starting point for traditional nuclear physics. It will prove
useful, however, to spend some time in the next subsection with a simpler EFT,
which provides an archetype for the approach we will follow in nuclear physics.

4.2.2 An Example: NRQED
Let me now return to atoms. At a momentum scale comparable to the electron mass,
the relevant degrees of freedom are electrons and nuclei interacting through the
exchange of photons, as given by quantum electrodynamics (QED). As we have seen
above, atomic bound states exist at a much smaller momentum scale pat ∼ αme .
Now I discuss in qualitative terms an EFT tailored to this scale [29], termed NonRelativistic QED (NRQED) because even electrons move slowly. I will stress the
features that find similar expression in the Chiral EFT of nuclei in the next lecture.
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Fig. 4.1 Part of a Feynman diagram where an on-shell fermion of momentum p first interacts
with a real or virtual photon of incoming momentum q, then propagates with momentum p + q.
A fermion (photon) is denoted by a solid (wavy) line. The shaded areas represent parts of the
diagram whose details are not important now

For simplicity, let me take at the higher scale a single spin-1/2 fermion represented by a Dirac field ψ of mass m and charge Qψ e, interacting with a spin-1
boson Aμ , subjected to Lorentz, parity, time-reversal, and U (1) gauge invariance.
As it is well known, the latter is most easily enforced using gauge-covariant derivatives:
Dμ ψ = (∂μ + ieQψ Aμ )ψ,

Fμν = ∂μ Aν − ∂ν Aμ .

(4.19)

The underlying Lagrangian is thus
1
L = − Fμν F μν + ψ̄(iD
/ − m)ψ + · · · ,
4

(4.20)

/ = γμ D μ in terms of the Dirac matrices γμ . From the
where ψ̄ = ψ † γ0 and D
terms shown explicitly in this Lagrangian we can read off the fermion and gaugeboson propagators and an interaction vertex, as discussed in textbooks [24]. Morederivative interactions, represented by the “. . .”, give contributions suppressed by
powers of momentum over the mass scale of the physics we have integrated out
(such as heavier fermions and weak-gauge bosons).
If we are only interested in processes with external momenta Q  m, we can
consider an additional expansion in Q/m. Take the fermion propagator after the
fermion with momentum p is kicked by a photon of momentum q, see Fig. 4.1. If
|p| ∼ |q| = O(Q), then q 0 ∼ |q| = O(Q) but p 0 = |p|2 + m2 = m + O(Q2 /m).
The propagator can then be written
i
i(p 0 γ 0 + m − p · γ + q/)
i
= 0 0
= 0
P+ + · · · , (4.21)
02
2
p
/ + q/ − m + iε 2p q + q − 2p · q − q + iε q + iε
where in the last line I introduced one of the projectors onto positive/negative energy
states,
1±γ0
,
P± P± = P± ,
P± P∓ = 0.
(4.22)
2
This represents, in a first approximation, a static two-component fermion propagating forward in time, as can be seen from a Fourier transformation. To capture the
P± ≡
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importance of this limited set of degrees of freedom it is convenient to split the field
into two two-component “heavy fermion” fields [30]
Ψ± ≡ eimt P± ψ,

ψ = e−imt (Ψ+ + Ψ− ).

(4.23)

The effective Lagrangian then employs the relevant degrees of freedom embodied
in Ψ+ instead of the full ψ. It can be obtained [31] by substituting Eq. (4.23) into
Eq. (4.20), integrating over the Ψ− field in the path integral as well as the highmomentum components of Ψ+ and Aμ , and expanding in powers of 1/m. With an
appropriate redefinition of Aμ to keep its bilinear form unchanged, and rewriting
Ψ+ as a Pauli spinor Ψ (with Ψ ≡ Ψ † ), the result is
1
β0 
β1 
2
2
LN RQED = − Fμν F μν + 4 Fμν F μν + 4 Fμν F̃ μν + · · ·
4
m
m
1
e
(Qψ + κ)Ψ σi Ψ F̃ 0i + · · ·
+ Ψ iD0 Ψ +
Ψ D2 Ψ +
2m
2m
+ Lf ≥2
(4.24)
where F̃μν = εμναβ F αβ /2, σi are the Pauli spin matrices, β0,1 and κ are dimensionless LECs that can be obtained from the parameters appearing in Eq. (4.20),
and Lf ≥2 involves four or more fermion fields, as discussed below. As one would
expect, this is simply the most general Lagrangian built out of Ψ+ and Aμ and subjected to the assumed symmetries. Invoking Weinberg’s “theorem” and our experience that for Q  m the appropriate fermion degree of freedom is a bi-spinor, one
can write this Lagrangian directly, without explicitly performing a path integration.
In this case, the LECs are obtained by the matching of physical amplitudes.
Even though the Lagrangian is more complicated, the structure of the EFT is
much simpler than that of the underlying theory. The absence of Ψ− implies that
there is no explicit pair creation in the EFT, which is an effect of range ∼ 1/(2m)
that is absorbed in the LECs. Fermion lines just go through Feynman diagrams of
the EFT. As a consequence, operators with 2f fermion fields do not contribute to
processes that involve less than f incoming fermions. We can tackle the various
sectors of the theory successively by increasing f , which is particularly important
for the treatment of non-perturbative physics for f ≥ 2. In the relativistic theory the
few-body problem is instead a many-body problem.
The f = 0 sector of Eq. (4.24) is the Euler-Heisenberg Lagrangian, one of the
earliest examples of EFT ideas, which is the basis for studies of low-energy processes involving photon fields alone, such as light-by-light scattering. A remarkable
feature of Eq. (4.24) is that it contains photon self-interactions already at tree level.
The most important such interactions have four derivatives and thus by NDA are
expected to be inversely proportional to m−4 . The LECs β0,1 originate in fermionloop diagrams of the underlying theory and would be O(1) if α were O(1). Since
α  1, we can match the EFT to the underlying theory in perturbation theory, obtaining β0,1 in an expansion in powers of α. The most important diagram has a
single fermion loop with four photon lines attached. Since each vertex is ∝ e and

136

U. van Kolck

the loop typically brings in a (4π)−2 , we expect β0,1 = O(α 2 ). Alternatively we
can use Eq. (4.18). The reduced charge is eR = e/(4π) and for c = β0,1 /m4 we
4 ), from which, again, β
2
expect cR = m4 c/(4π)2 = O(eR
0,1 = O(α ). One can similarly write and calculate the LECs of higher-derivative terms. They may contain
further powers of α, but are additionally suppressed by at least (Q/m)2 in processes with typical external momentum Q. These LECs are of course needed to
ensure renormalizability, Eq. (4.16), in light-by-light scattering at loop level. An explicit comparison between EFT and QED amplitudes can be found, for example, in
Ref. [32].
In the f = 1 sector, we see that the exponential in Eq. (4.23) removes from the
evolution of the fermion field the relatively large and inert mass m, leaving a dispersion relation of the non-relativistic, “residual” form p 0 = p2 /(2m)+· · · . The kinetic
part has a static piece Ψ iD0 Ψ , a recoil correction, and, with more derivatives, relativistic corrections. The strengths of these terms are not arbitrary, but fixed by the
mass. If we neglected the “. . .” in Eq. (4.20) and loop corrections, the same would
be true for the Ψ σi Ψ F̃ 0i interaction, or “Pauli term”, which represents the interaction of the magnetic dipole moment with a magnetic field. The existence of further
physics and of radiative corrections in the underlying theory leads to an “anomalous” magnetic moment κ, which again would be expected to be of O(1) if α were
O(1). The contributions from loops to κ can be estimated again using Eq. (4.18): for
3 ) = O(e3 /(4π)3 ), which gives κ = O(α/(4π)),
c = eκ/m, cR = mc/(4π) = O(eR
in agreement with the classic Schwinger result κ = α/(2π) + · · · for the electron.
The fact that some coefficients are entirely determined by m applies also to terms
contained in the “. . .” of Eq. (4.24), and is merely a consequence of Lorentz invariance. Despite its non-relativistic appearance, Eq. (4.24) does respect Lorentz
invariance, but in a Q/m expansion. If we start directly with Eq. (4.24), rather than
integrating degrees of freedom out of a manifestly Lorentz-invariant Lagrangian,
Lorentz invariance can be implemented by demanding “reparametrization invariance” [33], namely that the Lagrangian should be invariant under small changes in
the velocity of the heavy fermion. This method has the advantage of applying also
when the relativistic version of the theory does not have a well-defined expansion
and/or when the explicit integration cannot be performed explicitly. A recent discussion of the NRQED Lagrangian can be found in Ref. [34].
With the f = 0, 1 sectors of the Lagrangian we can study low-energy processes
in which a number of photons scatter from a slow-moving fermion. As we have
seen, for probe energies comparable to the fermion three-momentum, the fermion
is, in a first approximation, static. We are close to the limit m → ∞, where the spin
operator does not appear in the Lagrangian (4.24) and there is an SU (2) symmetry of rotations in spin space. This is an example of an “accidental” symmetry, a
symmetry that emerges at LO in the EFT.
The simplest process is Compton scattering. In the Coulomb gauge A0 = 0, the
most important contribution comes from the “seagull” diagram stemming from the
two A fields contained in Ψ D2 Ψ ; the corresponding contribution to the amplitude,
∝1/m, is nothing but the spin-independent “Thomson amplitude”. In the underlying
theory, this term arises from the transition to negative-energy states. One can go on
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Fig. 4.2 Diagrams
representing the T matrix for
elastic scattering of two
heavy fermions in NRQED.
A circle at the vertex denotes
an inverse power of the heavy
mass. Other notation as in
Fig. 4.1

and calculate higher-order terms in the combined Q/m and α expansions using the
interactions in Eq. (4.24). For details at a pedagogical level, see Ref. [35].
Let me now turn to the f ≥ 2 sectors, more germane to my goal of tackling
nuclear bound states later. It is here that EFT becomes particularly useful, because
the formulation of the non-perturbative problem is exceedingly complicated in the
underlying theory, where we retain contributions of momentum comparable to the
fermion mass. But, as we have seen, such momenta are also not very relevant for
electromagnetic bound states! Here I will emphasize qualitative aspects of the problem, omitting for example a discussion of infrared divergences. For a fuller account
in the case of positronium, for example, see Ref. [36].
So I consider the T matrix for the elastic scattering of two of our heavy fermions
in the center-of-mass frame, where both initial and final relative three-momenta
are, respectively, |p| ∼ |p | = O(Q). I will denote the transferred momentum by
q ≡ p − p . See Fig. 4.2.
The simplest diagram one can draw represents the exchange of a single photon,
where the photon-fermion interaction comes from the Ψ iD0 Ψ term in Eq. (4.24). It
gives
T1γ =

Q2ψ e2
(p 0 − p 0 )2 − (p − p )2 + iε

−

Q2ψ e2 

1 + O Q2 /m2 .
q2 − iε

(4.25)

The dominant term above, which has magnitude O(4παQ2ψ /Q2 ), is, as we are
going to see shortly, just a fancy way to generate the Coulomb potential. Of
course there are other one-photon-exchange diagrams with derivatives at the vertices, which start at relative order O(Q2 /m2 ) just like the non-static corrections in
Eq. (4.25). An example comes from magnetic interactions at both vertices, which
gives a dipole-dipole interaction of contact form because momenta from the vertices
and propagator cancel out.
In quantum field theory, nothing forbids the exchange of more than one photon.
For example, each fermion can emit a photon which is subsequently absorbed by
the other fermion, forming a one-loop “crossed-box” diagram. According to the
Feynman rules, the corresponding contribution is
T2γ ×
= −iQ4ψ e4



1
1
d 4l
(2π)4 l 0 + p 0 − (l + p)2 /2m + iε l 0 + p 0 − (l − p )2 /2m + iε
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×

1

×

0

+ l 0 )2

0

− |l|)2

+ l)2

1
− l2 + iε

−p
− (p − p
+ iε

3
1
1
d l
= Q4ψ e4
0
3
0
2
(2π) |l| − p + (l + p) /2m − iε |l| − p + (l − p )2 /2m − iε
(p 0

1
(p 0

−p

− (p − p

+ l)2

l 02

1
+ ··· .
+ iε 2|l| − iε

(4.26)

Here I integrated over the zeroth component of the loop momentum using contour integration. Closing the contour on the upper plane, we get two contributions
from the poles in the photon propagators, only one of which I show explicitly—
the other, of a similar form, is in the “. . .”. Because the three-momentum scale
is Q, these poles lie typically a distance Q from the origin in the l 0 complex
plane. As a consequence, the most important terms in the denominators after the
first integration involve |l| and |q + l|, which, in particular, implies static fermion
propagators as for f = 1. The propagators and integration measure typically contribute, respectively, O(Q−5 ) and O(Q3 /(4π)2 ) to the final result, which is then
O((Q2ψ α/4π)(4παQ2ψ /Q2 )). Just as it could have been expected from experience with f = 0, 1 diagrams, the result is smaller than one-photon exchange by
O(Q2ψ α/4π).
One might further expect that the smallness of α implies that all other diagrams
are small and amenable to perturbation theory. However, if that were true there
would be no electromagnetic bound states. So, how can a bound state arise in a
weakly coupled theory? More generally, what makes the problem non-perturbative?
(Since I am considering explicitly only one type of fermion, there is obviously no
electromagnetic bound state because the Coulomb interaction is repulsive, but still
perturbation theory fails at low energies.)
The reason is apparent already when we consider the other two-photon exchange
diagram, the “box”, in which the photons are exchanged sequentially. In this case
there are subtle differences compared to the crossed-box diagram due to a different
routing of the loop momenta in one of the fermion propagators:
T2γ 



= −iQ4ψ e4
×

1
1
d 4l
(2π)4 l 0 + p 0 − (l + p)2 /2m + iε −l 0 + p 0 − (l + p)2 /2m + iε
1

×

0

+ l 0 )2

+ l)2

1
− l2 + iε

−p
− (p − p
+ iε

3
1
1
d l
= Q4ψ e4
3
0
2
0
2
(2π) −2p + (l + p) /m − iε p − (l + p) /2m − l2 + iε
(p 0

l 02

1
(2p 0

−p

0

− (l + p)2 /2m)2

− (p − p + l)2 + iε

+ ··· .

(4.27)
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Because of the different signs, closing the contour on the upper half-plane now
involves a third pole, which stems from one of the fermion propagators and lies
only a distance Q2 /m from the origin. The contribution from this pole is the one
displayed explicitly above, the other two being relegated to the “. . .”. You should
convince yourself that these other two contributions are similar to Eq. (4.26), and
thus also small by O(Q2ψ α/4π) compared to one-photon exchange. The contribution from the fermion-propagator pole, on the other hand, is larger because the
remaining fermion propagator contains only the difference between small fermion
kinetic energies, and is thus O(Q2 /m). We refer to this as an infrared enhancement,
as it becomes more pronounced as Q decreases. Note that the static approximation
is no longer good, although of course relativistic corrections remain small. In the
photon propagators, on the other hand, the kinetic energies can still be neglected
in a first approximation, so that as before each photon denominator is O(Q). What
we have here are simply two sequential Coulomb photon exchanges separated by
the usual non-relativistic two-fermion propagation: it is the iteration of one-photon
exchange. Such a non-relativistic integral over the three-momentum typically contributes O(Q3 /(4π)), an extra 4π compared to integrals not originating in the heavy
fermion propagator poles. The size of this term is then O(Q2ψ αm/Q) compared to
one-photon exchange.
This argument can be generalized to diagrams with more photon exchanges, and
even more fermions. It is convenient to introduce “old-fashioned” time-ordered
perturbation-theory diagrams, which represent contributions to amplitudes after
integration over the zeroth-component of loop momenta, as in the last lines in
Eqs. (4.26) and (4.27). In this case vertices are drawn in a specific time order, intermediate states are associated with energy differences, and loops represent threemomentum integrations. The one-photon-exchange Feynman diagram becomes two
time-ordered diagrams depending on which fermion first emits the photon. The
crossed-box Feynman diagram becomes four time-ordered diagrams, all of the same
crossed-box type. The box Feynman diagram becomes six time-ordered diagrams:
two “stretched-box” diagrams where at any time there is a photon “in the air”, representing the “. . . ” in Eq. (4.27), and four “true-box” diagrams where there is an intermediate state without photons, representing once-iterated one-photon exchange.
In this language, we define “reducible” diagrams as those that contain intermediate
states with fermions only, and are thus infrared enhanced. These intermediate states
contribute O(mQ/(4π)) to the amplitude. The potential is defined as (minus) the
sum of irreducible diagrams.
We expect the potential to have a simple perturbative expansion, which in the case
considered here starts with the one-photon exchange of O(4παQ2ψ /Q2 ). Fourier
transforming Eq. (4.25), we obtain, indeed, the Coulomb potential in coordinate
space. Each extra iteration of this potential adds a factor O(Q2ψ αm/Q), as seen
above. When Q ∼ Q2ψ αm, all iterations are equally important, and the amplitude is
given by an integral equation, the Lippmann-Schwinger equation—which, in turn,
can be shown to be equivalent to the Schrödinger equation. Schematically the LO
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amplitude is
T

(0)

∼

4παQ2ψ
Q2




1−O

Q2ψ αm
Q

−1
,

(4.28)

which can have a pole at Q ∼ |Q2ψ |αm, corresponding to energies |E| ∼ Q4ψ α 2 m. If
we were considering two fermions with opposite charge, say Q2ψ → −1, we would
2 /m ∼
expect a bound state with binding momentum pat ∼ αm and energy ∼pat
α 2 /m—just the back-of-the-envelope estimate given at the beginning of this lecture.
But NRQED gives also a way to systematically go beyond LO. First, it allows
us to calculate corrections to the Coulomb potential, such as the Q/m (∼Q2ψ α in
the bound state) corrections to one-photon exchange and the irreducible two-photon
exchange we discussed above. Second, it tells us that these corrections to the potential are also corrections in the scattering amplitude, which should be calculated in
perturbation theory on top of the LO (“distorted-wave perturbation theory”).
Note that because each iteration of one-photon exchange scales with a negative
power of Q, the LO amplitude (4.28) satisfies the RG condition (4.16) without invoking contact interactions in Lf ≥2 . However, such four- and more-fermion terms
must exist because they are allowed by the symmetries. And indeed, as the order
increases and the corrections to the potential become more singular (since they have
more powers of momentum or, alternatively, inverse distance), loop diagrams will
bring in new cutoff dependence, which can only be compensated by the LECs. As
for f = 0, 1, the LECs with f ≥ 2 can in principle be obtained from a fully perturbative matching calculation in the window m Q Q2ψ αm.
The total spin of two fermions can be s = 0, 1 depending on the individual spins
being antiparallel or parallel. It is useful to think of the projectors onto spin s,
Ps ≡

1
2s + 1 + (2s − 1)σ1 · σ 2 ,
4

Ps Ps = δss Ps ,

(4.29)

where σ i /2 is the spin of fermion i. Because I am considering a single two-state
fermion, the Pauli principle ensures that an S-wave two-fermion contact interaction
can only contribute when the spins are antiparallel. In other words, there is only
one four-fermion interaction without derivatives, corresponding to P0 . The manyfermion Lagrangian has thus the form
Lf ≥2 =

γ
(Ψ Ψ Ψ Ψ − Ψ σ Ψ · Ψ σ Ψ ) + · · · ,
4m2

(4.30)

where γ is a LEC. NDA for c = γ /m2 gives, assuming it accounts for photon ex2 ) or γ = O(4πα), suggesting
change at momenta  m, cR = m2 c/(4π)2 = O(eR
a relative O(Q2 /m2 ) effect in the two-fermion scattering amplitude. The “. . .” in
Eq. (4.30) include not only more-derivative four-fermion interactions but also sixand more-fermion interactions, which because of their larger canonical dimensions
are expected to lead to contributions suppressed by powers of Q/m. Again thanks

4 Effective Field Theories of Loosely Bound Nuclei

141

to the Pauli principle, for a two-state fermion there are no six- or more-fermion interactions without derivatives, which means three- and more-body forces are very
small.
One can now consider arbitrary processes involving two or more fermions—
in particular, in a bound state—and external low-momentum photons, for example
Bremsstrahlung. NRQED provides the framework to describe atomic and molecular
physics, and indeed state-of-the-art calculations are carried out within this framework (Ref. [37] is but one example). I will now set up an analogous framework for
nuclear physics.

4.2.3 Summary
Nuclear systems involve multiple scales but no obvious small coupling constant.
EFT is a general framework to deal with multi-scale problems using small ratios
of scales as expansion parameters. Applied to low-energy QED, EFT reproduces
some well-known results but also provides a systematic expansion for scattering
amplitudes.

4.3 QCD at Low Energies
For the rest of these lectures I apply the EFT framework to nuclear systems. I start
with the Standard Model (SM) of particle physics at a few GeV and construct the
EFT relevant for momenta O(Mnuc ), which should form the basis for a description of typical nuclei. This Chiral EFT has indeed become the starting point for the
rapidly developing “ab initio” methods that harness ever-growing computational
power for the solution of the nuclear dynamics from interactions determined in fewnucleon systems. However, as we are going to see in some detail, some basic issues
in this EFT, related to the impact of the renormalization of singular potentials on
power counting, are still not fully understood.

4.3.1 Building Blocks
The SM has been repeatedly validated, particularly at scales above a few GeV where
most processes can be studied with relatively little reliance on non-perturbative
physics. The successes of the SM can be understood if it is considered as an EFT
at energies around 100 GeV. It is constructed (in its minimal version) out of quarks,
leptons, gauge bosons and a Higgs boson subjected to an SU (3)c ×SU (2)L ×U (1)Y
gauge symmetry. All interactions of canonical dimension up to four have now been
established directly or indirectly, and the only allowed dimension-five operator,
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which violates lepton number, is a candidate to explain the small neutrino masses.
Operators of dimension six and higher can cause smaller effects still, for example
baryon-number violation.
As the energy scale is lowered, we can integrate out the Higgs and weak-gauge
bosons, which leaves as only gauge symmetries the SU (3)c of color and the electromagnetic U (1)em , for which the force carriers are, respectively, eight gluons
Gμ ≡ Gaμ λa , with λa , a = 1, . . . , 8, the Gell-Mann SU (3) matrices and sum over a
implied, and the photon Aμ . Likewise, we can integrate out the heaviest quarks (top,
bottom, charm). Although not irrelevant for nuclear physics, strange quark effects
are not dominant for ordinary nuclei because, as we are going to see, in a hadronic
theory the quark masses come together with the relatively large scale MQCD . If the
strange quark is kept explicit in the theory, the relatively heavy strange hadrons pose
significant difficulties to the convergence of the low-energy EFT. In contrast, if the
strange quark is integrated out, as I will do, its effects are suppressed by the strange
hadron masses. The relevant quark fields are then conveniently written as an isospin
doublet,
 
u
q=
.
(4.31)
d
Here u and d are Dirac spinors for the up and down quarks, taken to be mass eigenstates with real masses mu = m̄(1 − ε) and md = m̄(1 + ε). Matrices in isospin space
can be expressed in terms of the unit matrix, which I will not write explicitly, and
the isospin Pauli matrices τa , a = 1, 2, 3. Quarks transform under U (1)em according
to the charge matrix


1
2/3
0
Qq =
= (1 + 3τ3 )
(4.32)
0 −1/3
6
and under SU (3)c with a universal strength g, which also governs gluon selfinteractions. If we define the covariant derivatives
Dμ q = (∂μ + ieQq Aμ − igGμ )q,

Gμν = ∂μ Gν − ∂ν Gμ + ig[Gμ , Gν ],
(4.33)
the most general Lagrangian with Lorentz invariance and these gauge symmetries is
(see, e.g., Ref. [38])

1
1 
Dq
LQCD = − Fμν F μν − Tr Gμν Gμν + q̄i/
4
2


1 − ε2
θ̄ iγ5 q + · · ·
− m̄ q̄ 1 − ετ3 +
2

(4.34)

where θ̄ is the so-called QCD vacuum angle (assumed to be small on phenomenological grounds) and “. . . ” represent higher-dimensional operators. For simplicity I
have dumped into the “. . . ” also leptonic terms, whose virtual importance in purely
hadronic process is small. They are of course needed when considering processes
with external leptons, which I will not do explicitly in these lectures.
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In order to understand some of the low-energy consequences of the theory based
on the Lagrangian (4.34), I will first neglect the “. . . ”, in which case I am left with
five parameters: g, m̄, ε, e, and θ̄ . I will argue based on a posteriori agreement
with phenomenology that the last four parameters can, in some sense, be considered
small. I will start with the “chiral limit” in which they are all set to zero, and then
consider the changes their non-vanishing values cause. Some of this material (and
original references) can be found in a good advanced textbook, such as Ref. [39].

4.3.1.1 Chiral Limit
In the chiral limit QCD has a single dimensionless parameter, g, and the action is
invariant under scale transformations (x → λ−1 x, q → λ3/2 q, Gμ → λGμ , Aμ →
λAμ , with λ a real parameter). However, in the path integral obtained from LQCD ,
scale invariance is “anomalously” broken by the inevitable presence of a dimensionful regulator. For renormalization, the strong constant αs ≡ g 2 /4π “runs” with
the energy scale: it decreases as the energy increases—“asymptotic freedom”—and
conversely increases as the energy decreases, so that αs (1 GeV) ∼ 1. Assuming
“confinement”, that is, that only colorless states (“hadrons”) are asymptotic, and
naturalness, the fact alluded to in the previous lecture that almost all hadrons have
masses O(1 GeV) indicates that QCD has a characteristic scale MQCD ∼ 1 GeV.
I seek here the EFTs of QCD for momenta Q  MQCD . The first clue comes
from the observation that the three pions—the lightest mesons—form a nearly degenerate isospin triplet,
√ ⎞
(π + + π − )/ √
2
−
→
π = ⎝−i(π + − π − )/ 2⎠ ,
π0
⎛

(4.35)

of pseudoscalar mesons with an approximate common mass mπ  140 MeV 
MQCD . Would this be an indication of a breakdown in the naturalness assumption?
No! The smallness and near degeneracy of pion masses can be naturally explained
if we assume the “spontaneous” breaking of “chiral symmetry”.
If I define the projectors
PL,R ≡

1 ∓ γ5
,
2

PL,R PL,R = PL,R ,

PL,R PR,L = 0,

(4.36)

I can split the quark field into two components
qL,R ≡ PL,R q,

q = qL + qR .

(4.37)

In the limit I am considering, the quarks are massless and can have a definite left
(L) or right (R) chirality according to its spin being against or in the direction of the
momentum. Moreover, in this limit the quark kinetic term in LQCD splits into two
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terms, which involve qL and qR separately. Each term is invariant under a separate
SU (2) transformation in isospin space, so LQCD has a global SU (2)L × SU (2)R
chiral symmetry. Since SU (2)L × SU (2)R is the covering group of SO(4), it is
sometimes sufficient to consider the latter, more intuitive group.
However, chiral symmetry is certainly not realized in the low-mass hadronic
spectrum, where the lightest scalar meson and the lowest negative-parity spin-1/2
baryon have masses that are several hundreds of MeV above pions and nucleons, respectively. Still, the spectrum can be qualitatively understood if I assume
that the solution of the path integral has, instead, a smaller, global symmetry of
isospin given by the diagonal subgroup SU (2)L+R , when again it is sometimes easier to talk instead of SO(3). Goldstone’s theorem tells us that there are massless
(pseudo)scalars in the coset space SO(4)/SO(3). The phenomenon here is completely analogous to the spontaneous breaking of SO(3) rotational invariance down
to SO(2) that gives rise to spontaneous magnetization and spin waves in a ferromagnet.
An intuitive picture of this effect comes from considering the effective potential
of QCD in the mesonic sector, as function of the four components of the SO(4)
vector


→
τq
−i q̄γ5 −
.
(4.38)
S=
q̄q
SO(4) symmetry of the potential means that it is invariant under rotations of S. If
the potential had a minimum at the origin, SO(4) would be manifest in the spectrum.
Non-perturbative physics in QCD must be such as to make the potential have instead
a “Mexican hat” shape: a degenerate set of absolute minima—a four-dimensional
“chiral circle”—a distance away from the origin, which defines the pion decay constant fπ . If we take the “true” minimum to be in the q̄q direction, there are three
massless excitations in the q̄iγ5 τa q directions, which we can identify as the pions.
In contrast, in the q̄q direction there is curvature in the potential, which we could expect to be characterized by MQCD so that the corresponding scalar “sigma” meson
has a mass mσ ∼ MQCD .
The massless pions, but not excitations with mass O(MQCD ), need to be accounted for explicitly in the EFT, since they give rise to long-distance interactions.
In the limit we are considering, SO(4) is an exact symmetry of the dynamics, so the
EFT Lagrangian has to be invariant under small SO(4) rotations, which are pion→
→
→
field translations −
π →−
π +−
ε , with εi three constants. The simplest way to implement the symmetry is to choose pion fields such that all their interactions involve
→
π , although, the manifold being a circle, a derivative is always accompanied by
∂μ −
→
a factor of (1 − −
π 2 /4fπ2 + · · · ). Because there are only three pions, SO(4) cannot
be realized linearly, but there is a well-developed technology to incorporate chiral
symmetry in the Lagrangian, the theory of non-linear realizations of symmetries
[39]. Pions and fermion fields transform non-linearly, but covariant derivatives can
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be defined which transform in a simple way:


−
→
π2
−
→
→
π,
Dμ π = 1 −
+ · · · ∂μ −
4fπ2


i −
→ −
−
→
→
Dμ ψ = ∂μ +
I ψ · π × Dμ π ψ,
2fπ2
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(4.39)

−
→
where I ψ is the generator of isospin in the representation of the fermion ψ (e.g.
−
→
→
I N =−
τ /2 for the nucleon field N ). Similarly one can define covariant derivatives
of the covariant derivatives, and so on. Under the full chiral group these derivatives
transform as under the unbroken isospin subgroup, but with a pion-field-, and thus
position-, dependent parameter. The consequence is that an interaction built of these
covariant ingredients to be isospin symmetric is automatically chiral invariant.
Each chiral-invariant effective interaction will have its LEC. Since the QCD dynamics that generate them is non-perturbative, they should contain arbitrary powers
of g. As far as NDA goes, that means reduced couplings with arbitrary dependence
on gR ≡ g/4π . Thus consistency requires that we take gR ∼ 1, and thus a LEC of
a chiral-invariant operator of canonical dimension D involving N fields is expected
D−4
to be c = O((4π)N −2 /MQCD
). Even though these LECs might not be particularly
small, chiral-invariant interactions become weak at sufficiently low energies because
each derivative brings in a power of momentum Q. And, for interactions with fixed
N , NDA suggests that an extra derivative gives a relative factor Q/MQCD . As we
are going to see, this is a good guide for the perturbative sector of the EFT, but it is
not always true in the nuclear sector where the EFT is non-perturbative.

4.3.1.2 Away from the Chiral Limit
Pions are, however, not massless. Let me take a second step and consider m̄ = 0 
MQCD , but still ε = 0, e = 0, and θ̄ = 0. Now there is an explicit breaking of chiral
symmetry in Eq. (4.34), since q̄q is one of the components of the SO(4) vector S in
Eq. (4.38). The Lagrangian is still invariant under the SO(3) isospin subgroup.
In the Mexican-hat picture, the effect of this term is to lower (raise) the potential in the direction of positive (negative) q̄q, breaking the degeneracy of the nowdeformed chiral circle. We can still talk of a tilted, approximately circular bottom of
the hat, with a slightly different radius fπ  92 MeV. The distorted potential shape
should not greatly affect the mass of the sigma or any other non-Goldstone state. But
because the bottom is no longer flat, pions acquire a mass, and we speak of them as
pseudo-Goldstone bosons. Note that it is the explicit breaking of chiral symmetry
that justifies our choice of true vacuum in the chiral limit. Spontaneous breaking
of a continuous symmetry only exists in a well-defined limit of the explicitly broken case. In a ferromagnet, this “vacuum alignment” is manifest in a spontaneous
magnetization in the direction of a previously applied magnetic field.
In the EFT with pions, the Lagrangian no longer has SO(4) invariance; there
are now terms that break chiral symmetry in the q̄q direction, that is, the fourth
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component of S. Such terms do not necessarily contain derivatives but are proportional to powers of m̄—actually m̄R ≡ m̄/MQCD if we invoke NDA. One example
is the pion mass term, for which we expect m2π = O(MQCD m̄), since from Eq.
2
(4.18) (m2π )R ≡ m2π /MQCD
= O(m̄R ). This roughly gives an average quark mass
in the ballpark of 10 MeV. Another example is the so-called nucleon sigma term,
the leading change mN in the nucleon mass away from the chiral limit: by NDA
(mN )R ≡ mN /MQCD = O(m̄R ), or mN = O(m̄) = O(m2π /MQCD ). Terms
with higher powers in m̄ come from the fourth components of tensor products of
S. In this way we are able to produce an S matrix with the correct chiral-symmetry
breaking, not restricted to first-order in the breaking parameters. For details of how
to construct these operators, see Refs. [38, 39].
The low-energy effects of the remaining terms in Eq. (4.34) can be analyzed
in similar fashion [38]. When we allow ε = 0, even the SO(3) group of isospin is
explicitly broken, since the corresponding term in Eq. (4.34) transforms as the third
component of another SO(4) vector,
 −

q̄ →
τq
P=
.
(4.40)
i q̄γ5 q
In the EFT Lagrangian, this means there is going to be another class of terms
that break isospin like q̄τ3 q, which are proportional to powers of ε m̄—in fact
(ε m̄)R ≡ ε m̄/MQCD according to NDA. An example is the quark-mass contribution to the neutron-proton mass difference: from NDA, (δmN )R ≡ δmN /MQCD =
O((ε m̄)R ) or δmN = O(ε m̄) = O(εm2π /MQCD ). Among terms of higher order in
the symmetry-breaking parameters one finds a contribution to the pion mass splitting, which by NDA is expected to be δm2π = O((δmN )2 ).
Allowing for e = 0 introduces further isospin breaking since the photon couples
differently to up and down quarks. There result two types of interactions in the EFT.
First, “soft” photons interact in the standard NRQED fashion with other low-energy
degrees of freedom: either through U (1) covariant derivatives, with
∂μ πa → (δab ∂μ + eε3ab Aμ )πb ,

∂μ ψ → (∂μ + ieQψ Aμ )ψ

(4.41)

in Eq. (4.39), or through Fμν . In either case, the interactions are proportional to
e. Second, “hard” photons, which are integrated out, give rise to purely hadronic
2 = α/4π . In this case chiral symmetry
interactions with strengths proportional to eR
is broken as the 34-component of the SO(4) antisymmetric tensor


ε q̄γ γ τ q q̄γμ τb q
.
(4.42)
Tμ = abc μ 5 c
0
−q̄γμ τa q
Among the effects from hard photons one finds contributions to both the pion
mass splitting and the neutron-proton mass difference. From NDA, since both
are expected to require at least one photon exchange, for the former δ̄m2π =
2
O(αMQCD
/(4π)) and for the latter δ̄mN = O(δ̄m2π /MQCD ).
In order to isolate the quark mass difference encoded in ε, one should look at
quantities that depend linearly on ε, such as the neutron-proton mass difference.
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It is useful to focus on a discrete subgroup of SO(3), called charge symmetry, of
rotations that interchange up and down quark (up to a sign). Observables that are
charge-symmetry breaking are linear in ε, because the ε term in Eq. (4.34) changes
when up and down quark are interchanged. Electromagnetism also breaks charge
symmetry, so its effects have to be estimated. When this is done, one finds ε ∼ 1/3
[40]. Observables that are isospin but not charge-symmetry breaking—sometimes
called “charge-independence” breaking—are proportional to ε 2 at best, so are usually dominated by electromagnetic effects. NDA suggests that this is the case, for
example, for the pion mass splitting.
In the next step we allow θ̄ = 0. The corresponding term in Eq. (4.34) now breaks
both parity (P) and time-reversal (T) invariance. To arrive at this term I have followed Ref. [41] and performed an anomalous chiral rotation to eliminate a term
of the type Tr{Gμν G̃μν } that leads to T violation through non-perturbative effects.
There is an infinite number of rotations that perform this task, but I have selected the
one for which the vacuum is stable. The form in Eq. (4.34) is useful because it shows
that the θ̄ term leads also to chiral-symmetry breaking, as the fourth component of
the same SO(4) vector P that appears in quark-mass isospin violation, Eq. (4.40).
In the EFT, thus, there is a intimate relationship between the strengths of T-violating
and those of T-conserving, charge-symmetry-breaking interactions [38]. Exploiting
this connection and assuming naturalness in Chiral EFT, we can convert the tight
limit on the neutron electric dipole moment [42] to a bound θ̄  10−10 . Why θ̄ is so
much smaller than 1 is an open naturalness problem in the SM, known as the strong
CP problem. (Assuming CPT is a good symmetry, T violation implies CP violation
and vice-versa.)
Finally, one can go on and construct the low-energy interactions coming from the
higher-dimensional operators in the “. . .” in Eq. (4.34), such as P- [43, 44] (and T[45]) violating interactions stemming from dimension-four (and -six) interactions in
the SM.
All the EFT interactions that originate beyond the basic quark-gluon interaction
are proportional to powers of relatively small parameters: m̄/MQCD , ε m̄/MQCD ,
e, α/(4π), etc. Thus, these interactions also tend to be weak, so that the full EFT
allows for a controlled expansion of hadronic amplitudes. But obviously I am not
being precise here. We have already seen, for example, how inverse powers of Q can
compensate for the smallness of α at low energies to give rise to electromagnetic
bound states. We are going to witness a failure of a simple perturbative expansion
in nuclei as well. In both cases, however, an expansion still exists on top of a nonperturbative LO.

4.3.2 Chiral EFT
I am now in position to formulate Chiral EFT. The goal is to describe nuclear processes with typical external momenta Q ∼ Mnuc  MQCD consistently with QCD.
I start by building the chiral Lagrangian and then discuss at a qualitative level its
implications, as we did for NRQED.
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4.3.2.1 Chiral Lagrangian
At a minimum, we need to include the lightest baryons, the proton and neutron,
which are (at least nearly) stable in the time scale of strong-interaction processes.
Just as in NRQED, we can include only their two non-relativistic components, since
pair creation requires  2mN ∼ MQCD in energy. At Q ∼ mπ we are probing distances at which pion-exchange effects can be resolved, so the three pions are also
relevant degrees of freedom. In contrast, all other mesons can be integrated out because they have masses O(MQCD ). If we are interested in going a bit further in
energy, or increase the convergence of the theory at low energies, we should also include nucleon excitations. The four charge states of the isospin-3/2, spin-3/2 Delta
isobar have approximately equal masses, with m − mN ∼ 3fπ , which numerically
is about 2mπ . One should thus expect considerable effects from the Delta, which
are best reproduced if the Delta is not integrated out but instead kept explicitly as
a heavy fermion field, from which we remove the same phase as for the nucleon
field. (It is not difficult to generalize the heavy fermion formalism to spin higher
than 1/2.) It is convenient to include also an explicit field for the next excitation,
the Roper, which has the same quantum numbers of the nucleon, even though with
mR − m ∼ 2fπ we are getting close to MQCD . For simplicity, here I omit the
Roper and other nucleon resonances. My baryon fields are thus
 
p
N=
,
n

⎞
++
⎜ + ⎟
⎟
=⎜
⎝ 0 ⎠ .
−
⎛

(4.43)

In order to couple the nucleon to the Delta, one introduces [10] 2 × 4 spin and
−
→
isospin transition operators, respectively S and T , normalized so that Si Sj† =
−
→
(2δij − iεij k σk )/3 and analogously for T .
The next step is to write the most general Lagrangian with the same symmetry structure as QCD: Lorentz, SU (3)c , U (1)em , and approximate, spontaneously
broken SU (2)L × SU (2)R . I will consider explicitly here only the terms shown in
Eq. (4.34) with θ̄ = 0, in which case P and T are also symmetries. This is sufficient for describing the essence of nuclear physics, but of course one can later add
interactions reflecting the neglected terms, which give rise to smaller (but sometimes important!) effects from weak interactions and physics beyond the SM. Color
gauge invariance is trivial because every field is a singlet. Lorentz and electromagnetic gauge invariance can be implemented in the usual way, as we have done in
NRQED. Chiral symmetry is a bit less familiar, but is implemented as described in
the previous subsection. It is important to notice that in QCD chiral symmetry is
broken in a specific way, which is reproduced in the EFT. In contrast, most hadronic
models do not account for the correct pattern of chiral-symmetry breaking.
Each interaction in the chiral Lagrangian has a LEC, which in principle can be
obtained from a direct calculation of QCD amplitudes at low energies, for example
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using lattice simulations. In fact, since in Chiral EFT the quark masses can be varied independently, EFT amplitudes can be matched to lattice QCD amplitudes at the
somewhat larger quark masses amenable to today’s computers. Chiral EFT provides
an extrapolation tool to smaller quark masses, and can be used to pre- or post-dict
observables at the long distances not accessible directly in lattice QCD. For the time
being, however, one has to resort to fitting LECs to experimental, rather than lattice,
data.
In any case, we need to start with an assumption about the sizes of the LECs,
so as to calculate amplitudes in the EFT before matching them to data. I assume NDA, Eq. (4.18), with M = MQCD , and take fπ = O(MQCD /4π) and
m − mN as low-energy scales. In addition to an expansion in powers of momenta
and m − mN , there are separate expansions in the chiral-breaking parameters
m̄/MQCD , ε m̄/MQCD , e, α/(4π), etc. How we combine them with the expansion
of chiral-invariant operators is to some extent a matter of choice. The first parame2
ter can be converted into m2π /MQCD
and paired with the momentum expansion for
2
, depends on the dimensionless
Q ∼ mπ . The second parameter, now εm2π /MQCD
number ε ∼ 1/3. Although one can certainly entertain a counting where ε is taken
as comparable to O(mπ /MQCD ), I prefer to err on the side of overestimating rather
than underestimating isospin breaking and count it as O(1). Similar choices affect
the electromagnetic interactions. Since e appears explicitly in covariant derivatives,
it is natural to count it as Q. On the other hand, α/4π is numerically not very far
3
from εm3π /MQCD
, so having chosen ε = O(1) leaves α/4π as giving suppression
comparable to three powers of the expansion parameter. (Anything less would make
the pion mass splitting appear in LO, clearly too much of overestimate.)
With these choices, it is convenient to write the chiral Lagrangian as
LChEF T =

∞


Lf()
=0,1 + Lf ≥2 ,

(4.44)

=0

where I introduced the “chiral index” [2, 18]
=d +f −2≥0

(4.45)

of an interaction with d derivatives and powers of mπ or m − mN or e or
(α/4π)1/3 , and 2f fermion fields. This index counts inverse powers of the high scale
3
MQCD —even for hard-photon operators, as long as we count α/4π ∼ εm3π /MQCD
.
It is bounded from below because chiral symmetry guarantees that terms with f = 0
have at least two derivatives or powers of mπ and thus d = 2, while terms with f = 1
have at least one derivative and thus d = 1:


−
→
π2
1
m2π −
1
(0)
→
−
→
2
2
Lf =0,1 = (Dμ π ) −
π 1−
+ · · · − Fμν F μν
2
2
2
4
4fπ
gA −
→
+ N̄ iD0 N +
N̄ →
τ σ N · ·D−
π
2fπ
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¯ iD0 − (m − mN ) 
+
+

hA
−
→
→
[N̄ T S + H.c.] · ·D−
π + ···
2fπ

(4.46)

where gA and hA are LECs, and “. . .” contain terms with more pion and/or Delta
fields. Increasing the chiral index we find
(1)



−
→
π2
δ̄m2π −
→
π 2 − π32 1 −
+
·
·
·
2
2fπ2

 2

−
→
π2
D
+ N̄
+ mN 1 −
+
·
·
·
2mN
4fπ2


1
δmN
−
→
−
→
π
·
τ
+
·
·
·
N
τ3 −
π
−
3
2
2fπ2

Lf =0,1 = −

1
→
→
π )2 − b2 (D−
π )2 + ib3 εij k εabc (Di πa )(Dj πb )σk τc N
N̄ b1 (D0 −
fπ2
gA
→
→
π
[i N̄ −
τ σ · DN + H.c.] · D0 −
−
4mN fπ

+

hA
−
→
→
π
[N̄ T S · D + H.c.] · D0 −
4mN fπ

e
+
N̄ 1 + κ0
4mN


1 −
−
→
−
→
→
2
π τ3 − π3 π · τ + · · · σi N F̃ 0i
+ (1 + κ1 ) τ3 −
2fπ2

−

+ ··· ,

(4.47)

where κ0,1 and b1,2,3 , are new LECs, and so on.
Equations (4.46) and (4.47) are sufficient to illustrate some of the characteristics
of Chiral EFT. First, notice that the electromagnetic interactions are similar to those
in NRQED (4.24) once we account for the isospin of the nucleon. For example,
the anomalous magnetic moment of the proton (neutron) is κp(n) = [κ0 + (−)κ1 ]/2.
Terms like the β0,1 in Eq. (4.24) appear only at higher orders. Second, the pions
play a role in Chiral EFT similar to the photon in NRQED, in the sense that they are
relativistic bosons that self-interact, dress and can be exchanged among fermions.
Third, the fermions themselves are non-relativistic and therefore the theory can likewise be split into sectors of different fermion numbers. But, as stressed before, the
theory is Lorentz invariant, with invariance implemented in a Q/mN expansion, as
revealed by the terms in Eq. (4.47) whose coefficients are determined by the LECs
from Eq. (4.46) and mN .
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4.3.2.2 Chiral Perturbation Theory
Just like NRQED, Chiral EFT is perturbative in the sectors of f = 0, 1, where it is
referred to as Chiral Perturbation Theory (ChPT). For a more complete introduction
and references see, for example, Ref. [46].
Let us consider an arbitrary scattering process involving A = 0, 1 nucleon and
one or more incoming and outgoing pions and photons, all with external threemomenta Q = O(Mnuc ). In this case, after renormalization all internal threemomenta in loops can also be taken as comparable to Q. Important for perturbation
theory is the energy difference between an intermediate state and the initial state,
and that is also of O(Q). Using topological identities about Feynman diagrams, one
can show that the amplitude can be put in the schematic form of Eq. (4.14) with [2]

ν = 2 − A + 2L +
Vi i ≥ 2 − A ≡ νmin ,
(4.48)
i

where L is the number of loops, Vi is the number of vertices of type i, which have
chiral index i , and the sum is over all types of vertices. The lower bound, stemming
from the lower bound on the chiral index (thus ultimately from chiral symmetry)
means that LO consists of all tree diagrams that can be constructed out of L (0) ,
NLO from tree diagrams with one insertion of a L (1) element, etc. Loops start
contributing at N2 LO. The tree results are equivalent to old current algebra, but
ChPT allows a systematic exploration of quantum corrections. One should of course
keep in mind that this power counting is meant as a general guide; for a specific
process at specific kinematics there might be a reorganization of the ordering that
better reflects the relative importance of interactions.
The ChPT expansion in Q/MQCD actually comprises: (i) a non-relativistic expansion for fermions in Q/mN ; (ii) a multipole expansion of the “heavy” meson
cloud in Q/mσ , . . .; and (iii) a pion-loop expansion in even powers of Q/(4πfπ ).
Resumming any of these three expansions would be great, but would not affect the
overall error of a truncation unless the other two expansions can be resummed at the
same time. As noted, since mN is not smaller than the other high scales, it does not
increase the error to include Lorentz invariance only approximately. Conversely, the
error is not decreased in covariant versions of ChPT. Although we are not solving
QCD at short distances, which might well be represented by a very dense cloud of
heavy mesons, we are exploiting the fact that this “inner” cloud is short-ranged at
the resolution scale 1/Q. At this scale the pion cloud is not short-ranged and cannot
be treated in a multipole expansion, but the large factor 4πfπ associated with loops
means that the “outer” pion cloud is sparse, the probability of finding pions “in the
air” decreasing with increasing number.
The f = 0 sector describes interactions of pions and photons. Already at LO
pions self-interact via the kinetic and mass terms in Eq. (4.46), with strengths deter2
mined by fπ and mπ , a classic result due to Weinberg. At relative O(Q2 /MQCD
),
there are further self-interactions with two extra derivatives, analogous to the β0,1
terms in Eq. (4.24), which provide counterterms for the one-loop diagrams at the
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same order. When considering isospin-violating quantities one needs to account for
the pion mass splitting from Eq. (4.47) as well. Nowadays calculations have reached
4
relative O(Q4 /MQCD
).
In the f = 1 sector, a nucleon interacts with low-energy probes. As the fermion in
the NRQED example, the nucleon is static at LO because, having three-momentum
of O(Q), it has a much smaller recoil energy of O(Q2 /mN ). The latter is accounted
for at NLO, and relativistic corrections appear two orders higher. The classic process
is pion-nucleon elastic scattering, details of which can be found in Refs. [47, 48]. LO
consists of tree diagrams: an S-wave pion-nucleon seagull (“Weinberg-Tomozawa
term”) from the covariant derivative (4.39) of the nucleon, which is determined by
fπ ; and P -wave interactions via nucleon and Delta “pole diagrams” stemming from
the pion-nucleon and pion-nucleon-Delta couplings of LECs gA and hA , respectively. By NDA, gA , hA = O(1), and indeed gA  1.3 and hA  2.9. At NLO we
find not only the Galilean corrections to these couplings but also the effects of new
seagulls. Two are associated with the shifts mN and δmN in nucleon mass, which
gives the possibility of determining these parameters from scattering. Three other
seagulls have undetermined coefficients b1,2,3 = O(1/MQCD ). At N2 LO one-loop
diagrams appear, including the leading contribution to the Delta width. At threshold
the P -wave interactions vanish and the scattering length is purely isovector at LO,
the classic Weinberg-Tomozawa result, extended to loop orders in the early 90s [49].
Other reactions can be studied along analogous lines [49].
As long as one considers Q  m − mN , the  field can be integrated out. The
Lagrangian is formally the same as above, just without this field, but the LECs are
in general different, because they now include Delta contributions. For example,
the coefficients b2,3 are replaced by larger LECs c2,3 = O(1/(m − mN )). Delta
effects are thus relegated to subleading orders, suppressed by powers of Q/(m −
mN ). However, as the energy increases it is more efficient to keep the Delta in,
and not consider m − mN as large. If the energy is increased further, into the
Delta resonance region, one finds a “kinematic” cancellation in an s-channel Delta
propagator between energy E and m − mN , thus enhancing width effects. In a
2
window |E − (m − mN )|  O(Q3 /MQCD
), the power counting (4.48) has to be
modified [47, 50]. Delta width effects have to be resummed, allowing us to push
ChPT beyond the Delta region. The Roper then becomes important in some waves
and better be included as well [48].
ChPT has met with much success—for a recent review, see Ref. [51]—which
emboldens us to press on to the sectors of Chiral EFT with A ≥ 2 nucleons.

4.3.2.3 Nuclear Physics
As first noted by Weinberg [1], for A ≥ 2 we face the same infrared enhancement we
found in NRQED, which more generally takes place for heavy particles exchanging
light quanta. Although the details are different, here this enhancement again leads
to a breakdown of perturbation theory. This is a good thing, given that nuclei and
we would not exist otherwise. . . .
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Fig. 4.3 Diagrams
representing the T matrix for
the elastic scattering of two
nucleons in Chiral EFT.
A nucleon (Delta) is
represented by a (double)
solid line, a pion by a dashed
line. A circle at the vertex
denotes an inverse power of
MQCD

As before, I start with two-body elastic scattering. Two nucleons can exchange
photons as described in NRQED, but here I focus on the strong interactions mediated at long range by pion exchange, see Fig. 4.3. For the momenta, I follow the
same notation as in Sect. 4.2.2.
Analogous to Eq. (4.25), the one-pion exchange (OPE) between two nucleons is

T1π 

gA
2fπ

2



q2
→
→
σ 1 · q̂σ 2 · q̂−
τ 1·−
τ 2 1 + O Q2 /m2N .
q2 + m2π − iε

(4.49)

Since gA = O(1), for Q ∼ mπ this term has magnitude O(1/fπ2 ) = O(4π/
mN MN N ), where, for reasons that will become apparent soon, I introduced the
quantity MN N ≡ 4πfπ2 /mN = O(fπ ). Again as in NRQED, we can, and should
later, consider corrections to OPE from higher derivatives at the vertices, but they
2
are expected to be suppressed by O(Q2 /MQCD
) or higher.
If we look at the crossed-box two-pion-exchange (TPE) diagrams, we obtain
an expression analogous to Eq. (4.26), but with the more complicated OPE substituted for photon exchange. We can count powers of Q ∼ mπ and 4π in the same
way, that is, Q3 /(4π)2 for the integration and Q−5 for the propagators, plus an
extra Q/fπ for each vertex, to find an overall size O(Q2 /(4πfπ2 )2 ), or a relative
2
O(Q2 /(4πfπ )2 ) = O(Q2 /MQCD
) with respect to OPE. The same power counting
applies to the stretched-box diagrams subsumed by the box diagram, and to diagrams originating in the Weinberg-Tomozawa seagull shown in Eq. (4.46). Substituting the Delta for the nucleon in intermediate states only adds modulating factors
of Q/(m − mN ) = O(1) in our counting. Thus, as in NRQED, we can consider
2
these TPE diagrams as corrections to OPE, here starting at relative O(Q2 /MQCD
).
The true-box diagrams representing iterated OPE, on the other hand, have the
same relative O(4πmN /Q) enhancement as seen in Eq. (4.27): all nucleon energies are small and nucleon propagators are not static. Recoil, despite appearing only
(1)
in Lf =0,1 (4.47), cannot be treated as a perturbation. (This of course has nothing
to do with relativistic corrections, although sometimes one sees a confusion in the
literature, where the need for Galilean corrections is mistaken for a need for relativistic resummation.) The true-box diagrams have a size O(mN Q/(4πfπ4 )), or a
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relative O(Q/MN N ) with respect with OPE. More generally, iterating OPE n times
gives a contribution of relative O(Qn /MNn N ). Qualitatively the amplitude is like a
geometric series,


−1
Q
4π
.
(4.50)
1−O
T (0) ∼
mN MN N
MN N
Contrary to its NRQED counterpart (4.28), pion interactions are weak at low Q, but
once Q ∼ MN N bound states or resonances can be expected, with energies |E| ∼
MN2 N /mN . Thus, by a reasoning entirely analogous to the one that gives the right
atomic scales, we are led to identify the typical nuclear scale Mnuc with the lowenergy scale MN N = O(fπ ). Chiral-symmetry breaking, in the form of a light pion
with an interaction with strength set by 1/fπ , explains why nuclei are shallow from
a QCD perspective.
In addition to this qualitative insight, we see that in Chiral EFT the first aspect
emerges of the traditional nuclear picture outlined in Sect. 4.2. Like NRQED, Chiral EFT reduces to nucleons interacting through a potential, which we define similarly and whose form we can derive. Since by construction we have no infrared
enhancement in the potential, the ChPT power counting (4.48) applies to the corresponding pion-exchange diagrams. At LO, we find OPE. At NLO, or relative order
O(Q/MQCD ), there is nothing new because we are assuming P (and T) conservation. At N2 LO, we have corrections to OPE (including isospin violation) and
the TPE diagrams discussed above, and at N3 LO, TPE diagrams with the seagull
vertices from Eq. (4.46), in addition to isospin-breaking corrections. The isospinsymmetric potential up to this order was first derived in Refs. [3, 10], and rederived
many times since (see discussion in Ref. [52]). As emphasized in Refs. [53, 54], this
“chiral Van der Waals” potential has the qualitative features of heavier-meson exchange potentials, for example sigma+omega exchange in the isoscalar central channel. In Refs. [55, 56], the famous Nijmegen partial-wave analysis of two-nucleon
(2N ) data was redone with the chiral pion-exchange potential to N3 LO without
Deltas as long-range input, instead of heavier-meson exchange. A slightly better fit
laid to rest the longstanding prejudice that lack of explicit heavy meson exchange
was a problem for EFT. At N4 LO, in addition to corrections to OPE and TPE, there
is also three-pion exchange; the potential at this order has been derived in a tour de
force in Ref. [57], and references therein. It seems unlikely that anything beyond this
n
),
order will be needed. Note that in the literature sometimes relative O(Qn /MQCD
n−1
n
n ≥ 2, is referred to as N LO instead of N LO as I do here.
We can go on and examine the implications of power counting for systems with
A ≥ 3 nucleons. Eq. (4.48) indeed provides the ordering of pion-exchange diagrams
that generate an f -body force. For example, the leading three-nucleon (3N ) force
comes from tree diagrams with vertices from L (0) , and the next-to-leading component from tree diagrams with insertion of one vertex from L (1) . One can show that
among the leading diagrams only TPE involving the Delta survives a cancellation
against subleading terms in the OPE two-body force [8], resulting in the FujitaMiyazawa potential as the dominant 3N force. The next-to-leading TPE diagrams
in turn provide a chiral-corrected version of the Tucson-Melbourne (TM) potential,
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Fig. 4.4 Sample of diagrams
representing the pion-range
components of the
isospin-symmetric part of the
nuclear potential in Chiral
EFT. Nn LO stands for
n
).
relative O (Qn /MQCD
(Note that in the literature
sometimes terms with n ≥ 2
are referred to as Nn−1 LO.)
Notation as in Fig. 4.3

sometimes called the TM’ potential [58, 59]. The leading long-range 4N potential
has been derived as well [60, 61].
However, the relative ordering between potentials involving different numbers
of nucleons is slightly more complicated. In the A-body system the A-body force
connects all bodies while the A−1-body force, for example, leaves one of the bodies
disconnected. Allowing for such disconnected diagrams in the power counting leads
to an extra factor −2C, where C is the number of connected pieces, on the righthand side of Eq. (4.48) [2]. We then recover the second aspect of the traditional
nuclear picture: effects of the 2N potential are expected to be larger than those
of the 3N potential, which in turn are expected to be larger than those of the 4N
potential, and so on. The structure of the isospin-symmetric part of the long-range
nuclear potential is shown schematically in Fig. 4.4.
Chiral EFT also provides a justification for the other two aspects of the traditional
picture presented in Sect. 4.2. First, isospin is an accidental symmetry in Chiral EFT
like spin symmetry in NRQED. Thus its violation is not represented by ε but at
best by εQ/MQCD [6]. The most important pieces of the isospin-violating potential
can be obtained from the isospin-breaking terms in Eq. (4.47), and from the higherindex Lagrangians—see Ref. [62], and references therein. One finds that not only the
isospin-symmetric potential tends to dominate, but also that charge independence
tends to be larger than charge-symmetry breaking [9]. Second, by defining currents
as the sum of diagrams with external probes that are free of infrared enhancement,
we can likewise conclude that effects of one-nucleon currents are expected to be
larger than those of 2N currents, which in turn are expected to be larger than those
of 3N currents, and so on [5].
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I have so far emphasized the long-range contributions from pions, but none of
the qualitative conclusions change as long as we assume that LECs that account for
short-range interactions among two or more nucleons obey NDA. In this case it is
convenient to classify Lf ≥2 also according to the index (4.45),
Lf ≥2 =

∞


()

Lf ≥2 .

(4.51)

=0

The lowest-index terms have f = 2 and d = 0. Because of isospin, two nucleons
can be found with total spin s = 0, 1 and we can now write two independent noderivative interactions, corresponding to the two spin projectors (4.29):
(0)

C0(0)
(N̄ N N̄ N − N̄ σ N · N̄ σ N )
4
C0(1)
(3 N̄ N N̄ N + N̄ σ N · N̄ σ N ) + · · · ,
−
4

Lf ≥2 = −

(4.52)

with two LECs C0(0,1) and “. . . ” standing for terms with Deltas. Using Fierz reordering, other isospin-symmetric forms can be written in terms of these. We can
increase the index by one unit with an extra derivative or two more fermion fields,
(1)

Lf ≥2 =

D0
→
→
N̄ N N̄ σ −
τ N · ·D−
π − E0 N̄ N N̄ N N̄ N + · · · ,
fπ

(4.53)

where D0 and E0 are new LECs. Again, other forms can be reduced to these. For
example, because of the Pauli principle, three nucleons at the same spacetime point
can only have a total spin s = 1/2, so other six-nucleon operators can be rewritten
in terms of E0 . Among the higher-index terms, I will also need
(2)

Lf ≥2 = −



−
→
π2
D2(0) 2
mπ (N̄ N N̄ N − N̄ σ N · N̄σ N ) 1 −
+
·
·
·
4
4fπ2

C2(0) 
N̄ N N̄ D 2 N − N̄ σ N · N̄ σ D 2 N + H.c.
4
C2(1)
3 N̄N(Di N̄ )Di N + N̄ σ N · (Di N̄ )σ Di N + H.c.
−
4
+ ··· ,
(4.54)
−

where D2(0) , C2(0) , and C2(1) are further LECs. The “. . . ” now involve also other
interactions with only nucleon fields, such as analogous terms for different spin
and/or derivative combinations.
These short-range interactions are, of course, very important in quantitative applications of EFT. With the NDA assumption, we can use the index in
Eq. (4.48) for the full potential, not only the pion-exchange diagrams shown in
Fig. 4.4. The C0(s) terms appear already in the LO 2N potential, since (C0(s) )R =
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2
2
MQCD
C0(s) /(4π)2 = O(1), or C0(s) = O((4π)2 /MQCD
) = O(4π/(mN MN N )).
1
These terms contribute to the two S-wave channels, S0 and 3 S1 in the notation 2s+1 lj where l and j are the orbital and total angular momenta, respectively. At N2 LO further contact interactions with two derivatives or two powers of the pion mass show up, suppressed by O((Q/MQCD )2 ). For exam()
()
4
ple, since by NDA (C2(s) )R = MQCD
C2(s) /(4π)2 = O(1) and (D2(0) m2π )R =
()

2
D2(0) m2π /(4π)2 = O(m̄R ), we have C2(s) , D2(0) = O(4π/(mN MN N ×
MQCD
2
MQCD )). These interactions provide (i) pion-mass- and momentum-dependent corrections in the S waves, such as D2(0) and C2(0) , respectively; and (ii) short-range
contributions to P waves, such as C2(1) . The pattern repeats at higher orders. Many
of the corresponding LECs are necessary for the renormalization of the loops in the
potential. The 2N potential then resembles some phenomenological potentials, such
as AV18, where pion exchange is supplemented by a general short-range structure.
Likewise, the D0 and E0 terms come in the subleading 3N potential [8, 63].
While E0 represents a purely short-range 3N effect, D0 gives rise to a mixed-range
force when the pion is attached to a third nucleon. In recent years this chiral 3N
potential has been used in many ab initio nuclear calculations—see, e.g. Ref. [64].
For a review of chiral potentials under the assumption of NDA, including higher
orders, see Ref. [16].
Following Weinberg’s original suggestion [1], most calculations with these
EFT-based potentials treat them in the same way as phenomenological potentials:
once the form of the potential to the desired order has been derived, the appropriate dynamical equation—Lippmann-Schwinger, Schrödinger, or their few-body
variants—is solved exactly (within numerical accuracy), and the unknown LECs fitted to data. After a promising start with the N3 LO 2N potential with Delta [7, 10],
many years of efforts have now produced N4 LO 2N potentials without Delta that
fit 2N data with an accuracy comparable to the best phenomenological potentials
[16]. Adding the 3N force that appears at N3 LO gives a reasonable description of
A = 3, 4 systems and beyond [64]. Still, remaining issues have led some to wait for a
full N4 LO Deltaless potential, while others are rediscovering the Deltaful potential.
A number of processes with external probes have also been considered with Chiral EFT input, under the assumption of NDA for short-range multi-nucleon operators. They have in some cases led to results similar to earlier phenomenology,
but in other cases they have given distinct, new predictions—such as, for example,
the magnitude of threshold γ d → π 0 d [65] and the sign of the charge-symmetrybreaking asymmetry in np → dπ 0 [66].
But is NDA, inferred in perturbative calculations, valid for the LECs that appear
in the non-perturbative, multi-nucleon sector of the EFT? And does it make sense to
treat high-order corrections in the potential the same way as lowest order, instead of
using perturbation theory as in NRQED? I explain next why NO is the right answer
to both questions.
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4.3.3 Renormalization of Singular Potentials and Power Counting
At the center of any EFT stands the issue of consistency, which of course is much
more important than fitting data. Since EFT’s model independence stems from an assumed integration over all higher-energy physics, its power counting has to yield approximate RG invariance at each order. In the case at hand, it is not obvious a priori
that solving a dynamical equation with an NDA-based potential produces physical
amplitudes free of cutoff dependence, even if the cutoff dependence of the potential
has been removed. Solving a dynamical equation is just a means of accounting for
reducible diagrams, which contain loops of a different type than those in the potential, but loops nevertheless. Whether such loops lead to cutoff dependence of the
amplitude depends on the high-momentum, or equivalently small-distance, behavior of the potential. The problem is that an EFT-based potential gets more singular
for vanishing radial distance, r → 0, as the order increases.
Unfortunately, it is now known that a chiral potential based on NDA, as formulated so far, is not consistent with the RG. Despite their accuracy with respect to
data, existing chiral potentials have to be replaced. Chiral potentials are just too
singular, in the sense that they behave at the origin worse than r −2 , in both the pionexchange and short-range components. In coordinate space, from Eq. (4.49), the LO
OPE between two nucleons is, in spin-singlet and -triplet channels,


m2π −mπ r
−
→
−
→
τ 1 · τ 2 δ(r) −
V1π,s=0 =
e
4πr





1
m2
gA 2 −
→
→
V1π,s=1 =
τ 1·−
τ 2 − δ(r) − π e−mπ r
2fπ
3
4πr




1
(mπ r)2 −mπ r 
1
+
m
e
+
S
r
+
(r̂)
,
π
12
3
4πr 3


gA
2fπ

2

(4.55)

(4.56)

where S12 (r̂) = (3σ 1 · r̂σ 2 · r̂ − σ 1 · σ 2 ) is the matrix element of the tensor operator. The tensor operator mixes waves of l = j ± 1, where it has one positive and one
negative eigenvalue, except for 3 P0 where it is diagonal with a negative eigenvalue.
It also acts on states with l = j , where it has a positive eigenvalue. Considering
the matrix elements of the isospin operator, the Yukawa part of V1π is attractive in
isovector (isoscalar) channels for s = 0 (s = 1). The tensor part of V1π,s=1 is attractive in some uncoupled waves like 3 P0 and 3 D2 , and in one of the eigenchannels
of each coupled wave. OPE is thus much more singular (and complicated!) than the
Coulomb potential α/r in NRQED. At LO there are minimally also the (singular)
C0(s) delta functions from Eq. (4.52), which can be combined with the delta functions in Eqs. (4.55) and (4.56). And the potential is more singular still at higher
orders.
It has been known for a long time that attractive singular potentials require additional short-range parameters, and EFT provides just the tools, via renormalization,
to make the solution of the Schrödinger equation well defined. The conclusion about
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the bad RG behavior of NDA-based potentials is of course independent of the regularization procedure, so for illustration I will consider an intuitive regularization in
coordinate space via a cutoff radius R ≡ 1/Λ. The long-range potential is unmodified for r > R, but for r < R it is set to zero and a square well (and its derivatives) is
taken instead. This short-range potential is a regularization of delta functions (and
derivatives). Renormalization means that at each order the parameter(s) of the shortrange potential can be found as functions of R in such a way as to keep low-energy
observables R-independent, at least when R is much smaller than the distance scales
of the long-range potential.
Since the complicated spin-isospin structure is not particularly relevant for renormalization, let me for simplicity consider a single uncoupled wave with a central
potential


α(R)
λ f (r/r0 )
r
V (r) = −
−
θ
1
−
,
(4.57)
R
2μR 2
2μr02 (r/r0 )n
where r0 is a characteristic distance in the modulating regular function f (r/r0 ) such
that f (0) = 1, λ is a dimensionless strength, n is an integer, and the dimensionless
α(R) is a function of R. For the nuclear case with OPE, μ = mN /2, r0 = 1/mπ ,
and |λ| ∼ mπ /MN N . In s = 0 channels, n = 1 and f (x) = exp(−x), while in s = 1
channels, n = 3 and f (x) is slightly more complicated.
In order to solve this problem, one matches at r = R the log-derivative of the
solutions of the Schrödinger equation for the two regions r < R and r > R. Let me
focus first on l = 0, where at zero energy one obtains
α(R) cot α(R) = Fn (λ, r0 , R),

(4.58)

with Fn (λ, r0 , R) a complicated function obtained from the outside wavefunction.
The issue is whether an α(R) can be found when R  r0 such that the low-energy
T matrix satisfies Eq. (4.16).
The case n = 1 might seem innocuous, as in this case the long-range part of the
potential is not singular. Yet, the delta function is, and we find the first surprise here.
In this case the potential is Coulombic for R < r  r0 , so the external wavefunction
is given by a combination of regular and irregular Bessel functions. One finds [67]
 
R
R
1 + O(R/r0 ) ,
F1 (λ, r0 , R) = −λ log
(4.59)
r0
R
where R is a constant that determines the appropriate combination of external solutions for a given low-energy datum. The desired α(R) is


 

1 2 2
R
R
+ O R 2 /r02 ,
α(R) = k +
π + 2λ log
2
r0
R

(4.60)

where k is an integer. One can then show that the amplitude at low (not necessarily
zero) energies approaches cutoff independent results.
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This is quite satisfactory, except for the fact that α(R) has to have a piece linear in
λ/r0 ∼ m2π /MN N . The interaction that it represents in the Chiral EFT Lagrangian is
the chiral-symmetry breaking term with LEC D2(0) in Eq. (4.54). As it is obvious,
this interaction is not the same as the C0(s) terms in Eq. (4.52): they give rise to
different pionic interactions. By NDA D2(0) was supposed to be N2 LO. Yet, we have
just found that it is necessary at LO, if we take OPE as LO! Thus the magnitude
of D2(0) is determined not by the high-energy scale MQCD but instead by pion
scales, and must be D2(0) = O(4π/(mN MN3 N )) instead. Note that this problem does
not appear for l > 0, where one expects no delta function in LO, only the regular
Yukawa potential.
Although this failure of NDA is of no particular consequence for the 2N problem
itself, where only the combination C0(0) + D2(0) m2π is measured, it should affect
other processes like pion-nucleus scattering. Even more significantly, if NDA fails
for this operator due to the non-perturbative nature of pion exchange, other operators
might well suffer from the same problem. This was first pointed out in Ref. [68] and
traced to the diagram where OPE is sandwiched between two contact interactions.
The same authors [69] also noticed that thrice-iterated pion diagrams lead to cutoff
dependence, but with two powers of momenta instead of two powers of the pion
mass. Since in the NDA-based power counting two-derivative delta functions appear
only at N2 LO, just like D2(0) , this suggests impending disaster—it could imply
the need for infinite counterterms once the whole pion ladder is considered. These
authors then proposed [69] that pions be treated in perturbation theory, that is, as an
expansion in |λ| ∼ mπ /MN N . If this is done, LO contains only contact interactions
C0(s) , while OPE appears first as a single insertion at NLO together with D2(0)
and the two-derivative S-wave contacts with LECs C2(s) . More generally, a power
counting can be devised that is consistent with the RG. (This power counting is,
apart from the presence of pions, the same as the one for the Pionless EFT in the
next lecture.) In s = 0 channels it seems this expansion does converge, although in
1 S only very slowly [67]. Unfortunately, for s = 1, where the tensor force can be
0
attractive, the expansion fails already at Q ∼ fπ [70].
I am thus back to trying to make sense of the renormalization of non-perturbative
OPE in s = 1 channels, where n = 3. When the potential is repulsive, one can solve
the Schrödinger equation in the standard manner without any subtleties. For the
interesting case λ > 0, on the other hand, the two outside solutions vanish as r → 0
but oscillate indefinitely on the way there. There is no way to discard one; instead,
we have again a combination of Bessel functions leading for n ≥ 2 to [71]
√
√


λ
λ
n
Fn (λ, r0 , R) = −
tan
+ φn
4 (R/r0 )n/2−1
(n/2 − 1)(R/r0 )n/2−1

(4.61)
× 1 + O (R/r0 )n/2−1 , R/r0 ,
where φn is fixed by a given datum (the scattering length for n > 3). The corresponding α(R), found numerically, has a limit-cycle-like behavior: as R decreases,
it decreases from +∞ to −∞ to start again in shorter and shorter cycles. Again,
one finds that the scattering amplitude at finite energy is well behaved. We thus can
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renormalize the l = 0 wave for a singular potential of this type with a single counterterm, despite the wild cutoff dependence of the diagrams in the corresponding
perturbative series.
This bodes well for the LO chiral potential. Indeed, for n = 3 α(R) depends on
λr0 ∼ 1/MN N , which is independent of mπ and thus represents a chiral-invariant
counterterm like C0(1) . One can show [67] that the coupled character of the 3 S1 -3 D1
channels does not affect this conclusion. The NDA-based power counting seems to
work in this case. Or does it?
In the final twist of this saga, hell breaks loose. What about channels with l > 0
where the singular potential is attractive? In these channels there is a repulsive centrifugal barrier l(l + 1)/r 2 , which dominates over the −λr0 /r 3 potential at large
distances. The situation gets reversed at short distances, where −λr0 /r 3 again determines the wavefunction. Although the details of the matching change, one concludes that in each of these waves we need a new short-range parameter fixed by a
low-energy datum. Clearly the NDA-based power counting does not provide any of
these LECs at LO. If we insist in varying the cutoff in these waves, as we should, the
phase shifts can be anything we want [72]. The simplest example is the 3 P0 wave
where a bound state crosses threshold for a cutoff ∼1 GeV. The only way to fix [72]
this problem is to take as LO an interaction like the C2(1) term in Eq. (4.54), which
if NDA were correct would only appear at N2 LO. Just like D2(0) , we must have
instead an enhancement, C2(1) = O(4π/(mN MN3 N )). The situation is similar in the
coupled 3 P2 –3 F2 channels.
How many more LO interactions do we need? A simple estimate comes from
the distance where the effective potential −λr0 /r 3 + l(l + 1)/r 2 is maximum,
rm = 3λr0 /(2l(l + 1)). When rm  1/MQCD the singular attractive potential is
unimportant at large distances. The wavefunction oscillates only outside the region
in which one expects the EFT to be valid. At the distances relevant to the EFT,
the relatively smooth behavior of the wavefunction can be captured in perturbation
theory. When one plugs in numbers, one finds that for l  2 pions are likely perturbative. This simple argument is corroborated by a more detailed calculation [73].
Thus, it seems that the correct LO consists of non-perturbative pions in S and P
(and maybe D?) waves, with short-range interactions in the S and OPE-attractive P
(and maybe D?) waves [72].
With the LO thus established, what about higher orders? It has been shown [74],
in the context of a toy model, that as long as they are treated perturbatively (as
in NRQED), the corrections in the amplitude can be renormalized with the shortrange interactions given by a corrected NDA. In this corrected NDA, for a relative
(Q/MQCD )n correction in the long-range potential, one includes short-range operators with n derivatives more than those appearing in LO. In other words, NDA
applies once, but only once, we get to the perturbative corrections. For similar, but
not identical, conclusions about the correct power counting from an RG-equation
perspective, see Ref. [75].
A frequently asked question is, if the corrections are small enough to be perturbative, why can we not just treat them non-perturbatively, as done in existing versions
of chiral potentials? The reason is simple: lack of counterterms. Take for example
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a two-derivative contact interaction that appears in one insertion at N2 LO. In the
same channel, two insertions will be in N4 LO, giving a highly singular contribution
to the T matrix. This is however no problem as there will be at the same order an
equally singular four-derivative contact interaction, which will provide the necessary counterterm. Only the sum of all N4 LO terms is cutoff independent and small.
If I truncate at N2 LO (one needs to truncate somewhere. . . ) but decide to iterate
both LO and N2 LO, I automatically include diagrams with two (and many more!)
insertions of the N2 LO operator without the required four-derivative counterterm.
In general, my result will now be cutoff dependent, and there are likely regions of
cutoff space where the “corrections” are no longer small. Not surprisingly, variations of the cutoff for truncations at N3 LO and N4 LO in Weinberg’s scheme have
been shown to lead to wild variation in the phase shifts [76, 77]. Existing chiral potentials can only fit data accurately in small windows in cutoff space. Note that not
everybody thinks lack of RG invariance is important in this context [78].
The first calculations of the 2N system based on these new power-counting ideas
give encouraging results [79–83], as one might have expected from the existence of
more counterterms at each order than in NDA-based potentials. We can be optimistic
about the development of a chiral potential that not only fits data well, but is also
consistent with the RG. However, much remains to do to gauge the impact of these
discoveries in systems with more nucleons and external probes.

4.3.4 Summary
A low-energy EFT of QCD has been constructed and used as input to ab initio
methods to describe nuclear systems. Chiral symmetry plays an important role, in
particular setting the scale for nuclear bound states. Several aspects of the traditional
picture of nuclear physics emerge from the chiral potential, which additionally provides consistent few-body forces and currents, and systematic treatment of loop
and isospin-breaking corrections. Unfortunately, though, the simplest power counting, based on naive dimensional analysis, is inconsistent with the renormalization
group. A new, consistent power counting has been formulated, but is still mostly
virgin territory.

4.4 Loosely Bound Systems
Chiral EFT provides a foundation for the physics of nuclei, at least when A is not too
large. However, some nuclei are loosely bound in the natural binding energy scale
2 /M
of O(Mnuc
QCD ). The dynamics of these nuclei mostly takes place at distances
large compared to 1/Mnuc . We might expect new degrees of freedom and structures
to emerge and, indeed, many loosely bound states display clusterization and other
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phenomena like Borromean-type binding, where a system is bound even if its subsystems are not. In addition, loosely bound nuclei are important in an astrophysics
context, sometimes at energies too low to achieve in the lab.
The relatively large distance scale means that fewer of the features of QCD, such
as chiral symmetry, leave an imprint on the physics. On the upside, these systems
share similarities with other loosely bound systems, where the underlying dynamics
might be dominated by other EFTs than QCD, for example atomic systems where
the underlying theory is NRQED. This universality is the overarching theme of this
last lecture, where I first discuss how a low-momentum scale might arise, and then
how two EFTs—Pionless and Halo/Cluster—describe nuclei at this scale.

4.4.1 Fine-Tuning
It has long been remarked that the deuteron is relatively large. From the deuteron
binding √
energy Bd  2.2 MeV, an estimate for the deuteron binding momentum
is ℵ1 ∼ mN Bd ∼ 45 MeV, smaller than mπ by a factor of about 3. This means
that the two nucleons are effectively at a distance three times larger than the range
of the force, which prompted very early attempts by Bethe and Peierls, and others
to describe deuteron physics with only schematic short-range potentials, such as a
square well. The situation is even more dramatic for the 1 S0 virtual state, a structure
in the T matrix to which we √
can associate a negative energy −Bd ∗  −0.07 MeV
and thus a momentum ℵ0 ∼ mN Bd ∗ ∼ 8 MeV, almost 20 times smaller than the
pion mass.
For a generic short-range potential of range R, the two-body amplitude in the S
wave can be written for kR  1 in the form of the effective range expansion (ERE),

−1
1
2π
r2
T0 (k) =
− + k 2 + · · · − ik
,
(4.62)
μ
a2
2
with a2 and r2 the scattering length and effective range parameter, and higher ERE
terms not shown explicitly. If the effective range has a natural size r2 ∼ R, and the
same is true of other ERE parameters, a shallow bound state of binding momentum
k = iκ, κ ∼ 1/a2 , is possible if |a2 | R. This is the case of the 2N system, given
that the effective ranges and other ERE parameters have natural sizes, for example
r2(1)  1.75 fm and r2(0)  2.8 fm, but a2(1)  5.4 fm and a2(0) ≈ 20 fm in the 3 S1
and 1 S0 channels, respectively, are much larger than 1/mπ . Thus we are close to the
unitarity limit defined by a2 → ∞ with other ERE parameters vanishing.
This situation suggests that the parameters of QCD are fine-tuned. Take as a very
simple example a square well in the notation of Eq. (4.57), with λ = 0 and R not a
cutoff but the physical scale associated with the range of the force. In that case one
can find an analytic formula for the S-wave T matrix,

T0 (k) = i 1 − e−2ikR

α + (kR)2 cot α + (kR)2 + ikR
α + (kR)2 cot α + (kR)2 − ikR


,

(4.63)
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which takes the form (4.62) for kR  1, with
√ 



tan α
R
R2
,
r2 = R 1 −
,
a2 = R 1 − √
−
αa2 3a22
α
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...

(4.64)

For generic α = O(1), |a2 | ∼ |r2 | ∼ R. However, if we dial α √
close to the criti2 with n an integer, that is, if |1 − α/α |  1, then
cal value αc ≡ [(2n
+
1)π/2]
c
√
R/|a2 | = αc |1 − α/αc | + · · ·  1, without changing the size of other√
ERE parameters significantly. By this fine-tuning a low momentum scale ℵ ≡ |1 − α/αc |/R 
1/R appears in the system. Since there is a zero-energy pole in (4.63) at α = αc , the
fine-tuning means a shallow real or virtual bound state. For a real one, the wavefunction is normalizable, ψ ∝ exp(−r/a2 )/r, indicating a large size. This type of object
is intrinsically quantum mechanical, since in classical physics bound-state sizes are
limited by the range of the potential.
The details are different in the nuclear case where the LO potential consists of
OPE plus contact interactions, instead of a simple square well. Still, at the physical pion mass the potential parameters must conspire to give the observed large
scattering lengths. Now, all chiral-symmetric parameters are tied together by the
non-perturbative QCD dynamics determined by the strong-coupling g. But the (current) quark masses, and thus the pion masses, can be considered largely independent
of g in the SM. Therefore we can ask the question whether the fine-tuning can be
undone by a variation in mπ . In Ref. [67] it was argued, based on a incomplete
N2 LO analysis, that this might just be the case: the deuteron and virtual state can
go unbound or bound with small variations of mπ . With some reasonable assumptions, the deuteron was found to have a more natural binding energy ∼ 10 MeV in
the chiral limit, and to become unbound at mπ,c  200 MeV, where the scattering
length diverges. This analysis was later refined and compared with emerging full
lattice QCD data, as described in Ref. [84]. Currently there is feverish activity in
lattice QCD to calculate the binding energies in the 2N system (and other light nuclei) at various values of mπ (see Ref. [85] and references therein). Although there
is no consensus yet, it seems that mπ,c might actually be just below the physical
pion mass. Either way, if this picture stands the test of lattice QCD, one can see the
fine-tuning scale as ℵ ≡ |1 − mπ /mπ,c |Mnuc  Mnuc . The curve a2 (mπ ) [67] is in
fact very similar to a2 (B), where B is an external magnetic field, for atoms near a
Feshbach resonance. Therefore it could very well be that we can think of QCD as
near a Feshbach resonance in the quark masses.
There is no good explanation for this fine-tuning, yet. But we can exploit it by
devising simpler EFTs that are valid only for momenta smaller than Mnuc , where
even pion physics can be considered short-ranged.

4.4.2 Contact EFT
For Q ∼ ℵ  Mnuc (with ℵ some average of ℵ0,1 ), pions (and Deltas) can be integrated out: in few-nucleon systems, only nucleons are relevant degrees of freedom.
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Chiral symmetry is badly broken and of no use. The most general Lagrangian with
Lorentz and electromagnetic gauge invariance (and P and T symmetries) is a simplified version of what we had in the previous lecture:


1
D2
δmN
Lpiless = N̄ iD0 +
τ3 N − Fμν F μν
−
2mN
2
4
e
+
N̄ 1 + κ0 + (1 + κ1 )τ3 σi N F̃ 0i + · · ·
4mN
+ Lf ≥2

(4.65)

in the same notation as before. In the f = 0, 1 sectors the theory reduces to NRQED,
so I will focus on f ≥ 2,
C0(1)
C0(0)
(N̄ N N̄ N − N̄ σ N · N̄ σ N ) −
(3 N̄ N N̄ N + N̄ σ N · N̄ σ N )
4
4


1 + τ3
1 + τ3
1 + τ3
δC0(0)
1 + τ3
N N̄
N − N̄ σ
N · N̄ σ
N
−
N̄
4
2
2
2
2

Lf ≥2 = −

− E0 N̄ N N̄ N N̄ N
C2(0) 
N̄ N N̄ D2 N − N̄ σ N · N̄ σ D2 N + H.c. + · · · ,
−
4

(4.66)

where only some representative interactions are shown, which include an isospinbreaking contact for protons with LEC δC0(0) . Although I am repeating symbols for
some the LECs, it should be kept in mind that they are not the same as in the Chiral
EFT of the previous lecture: here they implicitly include pion physics that in Chiral
EFT is kept explicit.
It has sometimes been found convenient to reformulate [86] the theory in terms
not only of nucleons but also “dibaryon” (or, for atoms, “dimeron”) auxiliary fields
−
→
S and T with the quantum numbers of the two S-wave 2N channels, that is, spin
(isospin) 0 (1) and 1 (0), respectively. In this case the Lagrangian (4.66) can be
rewritten [87] as


δ0 1 + τ3 −
→ g0 −
−
→
→ −
→
Lf ≥2 = −0 S · 1 +
S − √ [ S · P 0 N N + H.c.]
0
2
2
g1
− 1 T · T − √ [T · P1 N N + H.c.]
2

−
→ →−
→ → g0 g1
−
→ →
[T · σ S · −
+ hN̄ g02 S · −
τ S ·−
τ +
τ + H.c.]
3



D2 −
→
−̄
→
2
S
+ g1 N̄T · σ T · σ N + σ0 S · iD0 +
4mN


D2
T + ···
(4.67)
+ σ1 T̄ · iD0 +
4mN
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√
√
−
→
→
τ τ2 / 2 and P1 = τ2 σ σ2 / 2 are the projectors onto the S-wave
where P 0 = σ2 −
2N channels of spins s = 0, 1, 0,1 , δ0 , g0,1 , and h are LECs—which can be
thought of as the residual masses and mass splitting of the dibaryons, their couplings
to two nucleons, and a dibaryon-nucleon interaction— and σ0,1 = ±1. Integrating
out these auxiliary fields we regain Eq. (4.66) with certain relations between the
LECs.
We can define the potential as before, so that amplitudes consist simply of iterations of the potential. But here the potential takes the particularly simple form of
a sum of delta functions and their derivatives or, alternatively, of dibaryon propagation in the s channel. Either way, the potential contains no loops. All there is to do
is to understand the ordering of the various terms, calculate the loops that appear in
the iteration of the potential, and make sure observables are RG invariant.

4.4.2.1 The Two-Nucleon System
For a system with |a2 | |r2 | ∼ R, two-body physics at momenta Q ∼ ℵ ≡ 1/|a2 |
can be described in a simple expansion in R/|a2 |  1. Since effective range and
other ERE terms should have natural size, in a first approximation only the nonderivative contact interactions should contribute [88].
The two-body amplitude in LO is particularly simple, being a sequence of potential insertions separated by box-like loops as in Eq. (4.27), where instead of
Coulomb interactions we have a contact interaction—see Fig. 4.5. The two simplest diagrams are the single and once-iterated contact interaction, in each S-wave
channel, respectively,
T1c = −C0(s)

(4.68)

and

2
T2c = −iC0(s)

1
d 4l
4
0
0
(2π) l + p − (l + p)2 /2mN + iε

1
−l 0 + p 0 − (l + p)2 /2mN + iε

1
d 3l
2
= mN C0(s)
(2π)3 l2 − 2mN p 0 − iε

mN 2
C0(s) γ1 Λ + ik + O k 2 /Λ ,
=
4π
×

(4.69)

where γ1 is a constant that depends on the exact regulator used to make the loop integral well-defined (γ1 = 2/π for a sharp momentum cutoff, for example). The potentially dangerous dependence on a positive power of Λ can be absorbed in C0(s) (Λ)
itself, while the 1/Λ terms can be taken care of by higher-derivative contacts. As
in any (properly renormalized) EFT, the meaningful contribution of the loop is the
term that is non-analytic in the energy 2p 0 = k 2 /mN . We can see explicitly that an
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Fig. 4.5 Diagrams representing the T matrix for the elastic scattering of two nucleons in Pionless
EFT. A nucleon is represented by a solid line. A circle at the vertex denotes an inverse power of
Mnuc

intermediate state does indeed contribute O(mN Q/(4π)) to the amplitude as argued
before. Each iteration therefore brings in a factor of O(mN QC0(s) /(4π)).
If C0(s) ≡ 4π/(mN ℵs ), then the LO two-body amplitude needs to be resummed
for Q ∼ ℵs , as we have done schematically before in Eqs. (4.28) and (4.50):
T

(0)


 −1
Q
4π
1−O
∼
.
mN ℵs
ℵs

(4.70)

But here we can be more explicit because, contrary to the earlier cases, the series is
an exact geometric series:
T

(0)

 
 

−1 
4π
k
4π
−
1+O
.
=
+ γ1 Λ − ik
mN
mN C0(s)
Λ

(4.71)

Comparison with Eq. (4.62) shows that we recover the ERE in LO, with the
R ≡ C
cutoff-independent combination C0(s)
0(s) (Λ)/(1 + mN γ1 ΛC0(s) (Λ)/4π) =
4πa2(s) /mN capturing the physics of the large scattering length. The amplitude has
a pole at imaginary momentum k = iκs = i/a2(s) , which represents a real (virtual)
2 ).
bound state for a2(s) > 0 (<0) with binding energy B2(s) = 1/(mN a2(s)
Thus the fine-tuning that generates a shallow S-wave bound state can be accounted for if C0(s) depends on the anomalously low scale ℵs . We can consider
corrections that account for natural ERE parameters if the LECs of derivative operators scale with ℵs and Mnuc in a particular way. The ℵs enhancement depends on
whether the LEC contributes to the S-wave. For example, C2(s) ∼ 4π/(mN Mnuc ℵ2s )
gives rise to a relative correction O(Q2 /(Mnuc ℵ)) in Eq. (4.71), which incorporates
physics of an effective range r2 ∼ 1/Mnuc . Similar scalings apply to higher S-wave
parameters, but not in other waves, where no shallow bound states exist. Thus, for
3 ) gives the leading P -wave contribution to the amexample, C2(s) ∼ 4π/(mN Mnuc
3 ). Higher waves appear at even higher orders. For
plitude at relative O(Q3 /Mnuc
more details, see Refs. [69, 89].
Note that, as in NRQED and Chiral EFT, the corrections in Eq. (4.71) should
in principle be treated in distorted-wave perturbation theory, when RG invariance
can be maintained. In the particular case of the dominant correction, C2(s) , at NLO
we consider just one insertion of its vertex, and any number of C2(0) vertices. At
N2 LO we need two insertions, with one from the four-derivative interaction with
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Fig. 4.6 Diagrams representing the reduced T̃ matrix for the elastic scattering of two nucleons in
Pionless EFT. A nucleon is represented by a solid line, a dibaryon by a double solid line

LEC C4(0) . Actually, the contributions from C2(s) can be resummed to the form
(4.62) without destroying RG invariance, but only as long as r2(s) ≤ 0 [90], a form
of the so-called Wigner bound. Since r2(s) > 0 in the 2N case, one should indeed
refrain from deviating from perturbation theory.
There is not much difficulty in adding Coulomb effects. As we have seen in
NRQED, Coulomb becomes non-perturbative for Q  αmN ∼ 5 MeV. This is not
too far from the 1 S0 virtual bound state, that is, Coulomb effects O(4πα/Q2 ) become comparable to C0(0) = 4π/mN ℵ0 for Q2  αmN ℵ0 ∼ ℵ20 . In the two-proton
system, for such low momentum one needs to account for Coulomb in addition to
a contact interaction at LO, which introduces new cutoff dependence. We therefore
need to consider the additional contact interaction δC0(0) , which is isospin breaking,
to absorb this cutoff effect [91]. Since δC0(0) needs to be fitted to the pp scattering
length, isospin breaking cannot be predicted at this order. Fortunately, at higher energies Coulomb and other electromagnetic interactions can be treated in perturbation
theory.
We can recast these statements in the dibaryon formulation, where the dibaryon
residual masses are taken to be fine-tuned, 0,1 ∼ ℵ0,1 , while the coupling con2 ∼ 4π/m . The dibaryons can be
stants are taken as natural-sized, for example g0,1
N
thought of as “bare” real and virtual bound-state fields, although this implies nothing about their composite nature. The S-wave 2N amplitudes are just the couplings
of two nucleons to dibaryon propagators that are “dressed” by 2N loops. In LO
only the dibaryon residual mass is needed in addition to the two-nucleon/dibaryon
coupling. For the strong-interacting sector we can write
T = gs2 T̃ ,

(4.72)

with the reduced T matrix T̃ being the sum of successive bare dibaryon propagators
depicted in Fig. 4.6,
T̃1d + T̃2d

4π
+ ··· =
mN gs2




−1 
 
4πs
k
,
− γ1 Λ − ik
× 1+O
2
Λ
mN gs

(4.73)

from which we see that renormalizability is achieved by absorbing the Λ dependence in s /gs2 . Coulomb can be included just like above, requiring a renormalization of δ0 . Dibaryon kinetic terms generate effective ranges at NLO, but these
kinetic terms have signs σ0,1 given by the sign of −r2(0,1) . Since r2(s) > 0, σs < 0
and the bare dibaryons are ghosts. However, their character changes when they get
dressed, and the 2N amplitude has no pathology.
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Fig. 4.7 The 1 S0 (left) and 3 S1 (right) 2N phase shifts (in degrees) as functions of the center-of–
mass momentum (in MeV). The dot-dashed lines represent the Nijmegen phase-shift analysis [94].
Left: the dashed, dotted, and thick solid lines show the Pionless EFT results at LO, N2 LO, and
N4 LO, respectively, while the thin solid line shows the ERE. Right: the dashed, dotted, and thick
solid lines show the Pionless EFT results at LO, NLO, and N2 LO, respectively. From Refs. [12, 92],
courtesy of M. Savage

This approach, in either formulation, has been shown to give a very clear path
to analyze low-energy reactions involving two nucleons systematically [13]. It is a
field-theoretical generalization of the ERE. The resulting 2N phase shifts converge
to empirical values for Q  Mnuc , as shown for the S waves in Fig. 4.7 [12, 92].
Deuteron properties come out well; for example the deuteron binding energy is
found to be Bd = 1.9 MeV in NLO, to be compared with the experimental value
of 2.2 MeV. More generally, this EFT can be applied to any system with |a2 | |r2 |,
for example bosonic or fermionic atoms near a Feshbach resonance [93].
4.4.2.2 The Three-Nucleon System
The 3N system proves to be much more interesting, since here the EFT is not just
the ERE. There is no symmetry to forbid three-body forces like the E0 term in Eq.
(4.66) or the h term in Eq. (4.67). As always in any EFT, the question is just at what
order these novel effects appear. If NDA were any guide, one would expect them at
relatively high orders since their canonical dimensions are high. However, we are
dealing with a fine-tuned situation, and surprises are in stock.
For definiteness, let me consider neutron-deuteron (nd) scattering in the dibaryon
formulation, see Fig. 4.8. The simplest diagram consists of the transfer of one nucleon from the dibaryon to the third nucleon, and it is O(mN gs2 /Q2 ). A transfer back
adds another mN gs2 /Q2 multiplied by a factor Q3 /(4π) from the loop and a 1/Q
from the intermediate, dressed dibaryon, so it is of relative O(mN gs2 /4π) = O(1).
Thus, power counting says that in LO one has to sum all nucleon exchanges between
the dimeron and the third nucleon, resulting [88] in an integral equation for the T
matrix known as the Skorniakov–Ter-Martirosian equation. As always, corrections
can be treated in perturbation theory.
The behavior of this T matrix at large momentum turns out to depend sensitively
on the strength of the kernel of the integral equation, which in turn depends on
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Fig. 4.8 Diagrams
representing the T matrix for
the elastic scattering of a
neutron on a deuteron in
Pionless EFT. Notation as in
Fig. 4.6

the spins of particle and dimer. For a two-state fermion instead of a nucleon, when
the dimer has s = 0, the amplitude falls fast at large momenta and the solution of
Skorniakov–Ter-Martirosian equation is RG invariant, consistent with three-body
forces appearing only at high orders. The same is true for nucleons in all but the
S1/2 wave, and very accurate results for nd scattering follow from parameters fully
determined in 2N scattering [88, 95]. For example, for the S3/2 phase shift shown
in Fig. 4.9 excellent agreement with data is achieved already at N2 LO. In particular,
the scattering length is postdicted as a3/2 = 6.33 ± 0.10 fm, to be compared to the
experimental value, 6.35 ± 0.02 fm. This example shows that Pionless EFT enables
nearly QED-quality nuclear physics.
On the other hand, for three bosonic particles or for nucleons in the S1/2 wave
of Nd scattering, the amplitude obtained from nucleon exchange alone has a
very peculiar Λ dependence, proportional to cos(ln Λ). A bound state of energy
O(Λ2 /mN ) is in the spectrum, representing the well-known “Thomas collapse” of
the ground state as Λ → ∞. RG invariance can only be achieved if three-body
interactions are enhanced by ℵ−2 [96, 97]. A single non-derivative three-body interaction appears at LO, providing saturation to avoid the collapse. Higher-derivative
interactions are smaller by powers of Q/Mnuc , and in fact to NLO there is only
one parameter not fixed by 2N observables: the coefficient of the three-body force,
h (or equivalently E0 ). As a consequence, to this order three-body observables are
correlated through this one parameter. This explains [87], in particular, why results
obtained from 2N models cluster around a “Phillips line” in the plane generated
by all possible values of the S1/2 N d scattering length a1/2 and the triton binding
energy Bt : the off-shell differences among 2N models are essentially captured by
one parameter. Any point on the EFT line fixes the LO 3N parameter, which, as a
function of Λ, displays an unusual, limit-cycle behavior [96]. If we use as input the
a1/2 experimental value, we find Bt = 8.54 MeV at NLO [98], to be compared with
the experimental value of 8.48 MeV. The resulting energy dependence of S1/2 N d
scattering also comes out very well, as shown in Fig. 4.9.
The limit cycle in the three-body force reflects a residual, approximate discrete
scale invariance. At unitarity, the LO two-body T matrix is scale invariant in the
limit Λ → ∞. The only bound state is at zero energy. The regularization and renormalization of the three-body problem breaks scale invariance, except for the discrete
scale invariance that survives as the cutoff takes values that are multiple of a value
determined by the three-body datum. A consequence is that a geometric spectrum
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Fig. 4.9 The S3/2 (left) and S1/2 (right) Nd K −1 matrices (in fm−1 ) as function of the square of
the center-of-mass momentum (in fm−2 ). Dots represent a cold-neutron measurement [99] and a
phase-shift analysis [100, 101]. Left: dashed and solid lines show the Pionless EFT results at LO
and N2 LO, respectively. Right: dot-dashed, dashed and solid lines show the Pionless EFT results
at LO, NLO, and N2 LO, respectively, while the squares come from a phenomenological potential
model [102]. From Refs. [95, 103], courtesy of H.-W. Hammer and L. Platter

of bound states appears, the famous Efimov effect. For large but finite scattering
length and non-zero ERE parameters, scale invariance is only approximate to start
with, and only bound states with binding energies  1/(2μR 2 ) are within the EFT.
Including Coulomb interactions in 3N calculations is a bit challenging, but it
has been done (see Ref. [104] and references there in). Interactions with external
photons, such as the triton electromagnetic form factor [105], are also beginning to
be investigated. For a recent example of application to cold atoms, see Ref. [106]

4.4.2.3 The Four-Nucleon System and Beyond
I can proceed in a similar way to larger systems. Faced with the appearance of a
3N force at LO, an obvious question is whether other few-body forces are also
leading. A hand-waving argument suggests they are not. The two-body system is
made stable in Pionless EFT by a balance between kinetic repulsion and potential
attraction. As we go to the three-body system, the number of pairs grows faster
than the number of particles, leading to a collapse unless an effectively repulsive
three-body force exists. As we add a fourth body, the number of triplets increases
faster than doublets, and no instability and dramatic cutoff dependence should arise.
Although a four-body force without derivatives exists, it might not be enhanced
by inverse powers of ℵ. With four spin-isospin states, we cannot construct a fiveor more-nucleon contact force without derivatives, so they are likely not to be LO
either.
Since by this argument stability comes from a balance between two-body attraction and three-body repulsion, one expects properties of larger systems, such
as four-body and nuclear-matter binding energies (if within Pionless EFT), to scale
approximately with the LO three-body parameter. This has been shown to be true
for the four-boson binding energy, at least over a limited Λ range [107]. In the 4N
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system one observes the Tjon line, which is the analog of the Phillips line, but for
the alpha-particle binding energy Bα instead of the S1/2 N d scattering length a1/2 .
This line is reproduced in Pionless EFT [108]. The LO EFT line depends a bit on
which 2N parameters are used as input, but in any case it is close to the experimental
point: at the correct Bt one finds Bα between 26.9 and 29.5 MeV, to be compared
to the experimental value of 28.3 MeV. This agreement suggests that the EFT is
converging for the alpha particle. An NLO calculation [109] seems to support this
conclusion.
In the region Mnuc Q ℵ the 2N T matrix has an approximate SU (4) symmetry in spin-isospin space [110]. Since the LO 3N force is also SU (4) symmetric
[87], Pionless EFT provides a rationale for the emergence of Wigner’s supermultiplet symmetry in nuclei.
However, a crucial question is how far we can go in A before pions can no longer
be considered short-ranged. After all, binding energies per nucleon, and thus binding
momenta, increase throughout the light-nuclear region as the number of nucleons
increases. An answer to this question can only be provided by explicit calculation.
Because the continuum methods used so far for A ≤ 4 tend to become unpractical quickly, one is led to introduce an explicit infrared (IR) momentum regulator
or cutoff λ so as to discretize the set one-body states. One can think of 1/λ3 as
providing an effective volume to which the system is confined, just as the inverse
UV regulator, 1/Λ, can be thought of as a minimum accessible length scale. These
two regulators define the “model space” where the EFT is solved. At the end of the
calculation, we need to take the limit of a large model space, λ  Q  Λ.
In this context, two such IR regulators have been proposed and are being actively pursued. The first [111] borrows from lattice QCD: we define the EFT at N 3
lattice points separated by a spacing a ∼ 1/Λ, which make a cubic volume with
sides of length L = N a ∼ 1/λ. The second [112] borrows instead from an existing nuclear-structure method, the No-Core Shell Model (NCSM): the EFT is solved
in a harmonic-oscillator well of frequency ω ∼ λ2 /mN , with a maximum number
of shells 2n + l ≤ Nmax ∼ Λ2 /(mN ω)—where n (l) denotes the radial (angularmomentum) quantum number—above the minimum configuration.
The limitation to an effectively finite volume poses the challenge of how to relate
the LECs to observables. At LO the three LECs can be fitted to the binding energies
of the lightest nuclei (deuteron, triton, alpha particle), with other binding energies
being predictions (or postdictions). For example, using the NCSM method, one finds
[112] for the alpha-particle excited state an excitation energy Eα ∗ = 18.5 MeV, in
remarkable (for LO) agreement with the experimental value 20.2 MeV, while for
the 6 Li ground state B6 Li = 23 MeV to be compared to the experimental result,
32 MeV, in line with an expansion parameter |r2 |/|a2 | ∼ 1/3. However, the growth
in number of LECs with order demands the more abundant scattering data as input.
Fortunately, for both methods we can related the energy levels in the model space
to 2N scattering parameters [113, 114]. Thus, the 2N LECs can be fitted to 2N
levels and, with just a few few-body inputs, predictions made for systems with larger
number of particles.
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Just as before, such a framework can be applied with simplifications also to cold
atoms, see for example Ref. [115]. And these methods are being generalized to
Chiral EFT—for reviews and more details, see Refs. [116, 117]. But these new ideas
can also be used with more phenomenological input. The generic idea of using λ
and Λ to extrapolate to larger model spaces, for example, is useful in calculations
with phenomenological nuclear potentials [118, 119]. Conversely, other ab initio
methods could be brought to bear on Pionless EFT. While Chiral EFT is the ultimate
goal, because of its simplicity Pionless EFT plays an important role in providing a
paradigm for the development of nuclear EFTs.

4.4.3 Halo/Cluster EFT
Pionless EFT simplifies the treatment of light nuclei, but its application to larger
nuclei—even with a powerful ab initio method such as the NCSM—still faces difficult computational challenges. One would like to devise further simplifications in
order to extend EFTs to even larger nuclei.
One might, in particular, wonder about the implications of the existence of
the fine-tuned scale ℵ. While we expect the typical energy per nucleon to be
2 /m ), there are some nuclear states with energies closer to O(ℵ2 /m ).
O(Mnuc
N
N
This is, in fact, the case of light nuclei, which, as we have just seen, seem to
be within the regime of Pionless EFT. But this also happens in two more general
classes of states: “halo” and “cluster” nuclei, in which one or more clusters of nucleons (“cores”) with the structure of typical nuclei are surrounded by loosely bound
(“halo”) nucleons. Because of saturation, the radius of a typical cluster with Ac nu1/3
cleons should be Rc ∼ Ac /Mnuc ≡ 1/Mc . As long as ℵ  Mc , we can treat cores
as effective degrees of freedom, thus generalizing Pionless EFT, where Ac = 1, to
Halo/Cluster EFT [120].
These classes of systems exhibit shallow S-matrix poles, either on the imaginary
axis (bound states) or in the lower half of the complex momentum plane (resonances). Many nuclei display, or are good candidates to display, halo/cluster structure with various types of cores. The simplest and perhaps most clear-cut examples
involve alpha-particle cores, for which the excitation energy Ecore  20 MeV. While
5 He is not bound, the total cross section for neutron-alpha (nα) scattering has a
prominent bump at Ehalo ∼ 1 MeV, interpreted as a shallow P3/2 resonance. To describe scattering at such low energy, a two-body α + n approach should suffice. 6 He
is bound, but the removal energy for two neutrons from 6 He is again Ehalo  1 MeV,
making this a three-body, α + n + n halo nucleus. Similarly, 8 Be is not bound but
αα scattering shows an S0 resonance at Ehalo  0.1 MeV. And both 9 Be and 12 C
exhibit states near three-body thresholds, respectively α + α + n and α + α + α—the
latter being the famous Hoyle state that plays an important role in the formation of
C and O, and thus you and me, in the universe. Then we can consider also structures
with protons, e.g. 5 Li as α + p. For a compilation of data on these and some other
halo/cluster states (and much more), see Ref. [121].
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In Halo/Cluster EFT we thus consider explicitly a field for the core, for example
a scalar field α for the α core of mass mα :




D2
δmN
D2
α
Lhalo = N̄ iD0 +
τ3 N + ᾱ iD0 +
−
2mN
2
2mα
1
− Fμν F μν + · · · + L≥2 .
4

(4.74)

It is again extremely convenient to express L≥2 using dimeron fields, in this case
a spin-3/2, isospin-1/2 field T3 and a scalar, isoscalar φ for the 5 Li/5 He and 8 Be
ground states, respectively:
 



δ3 1 + τ3
D2
− 3 1 +
T3
L≥2 = T̄3 σ3 iD0 +
2(mN + mα )
3
2


 
g0
D2
− 0 φ + √ [φ̄αα + H.c.]
+ φ̄ σ0 iD0 +
4mα
2


 
g3
δg3 1 + τ3
+ √ T̄3 1 +
S · (αDN + N Dα) + H.c.
g3
2
2
+ h3 T̄3 T3 (DN ) · DN + · · · ,

(4.75)

where S is again the spin transition matrix, 0,3 , δ3 , g0,3 , δg3 , and h3 are the
most important LECs, and σ0,3 are signs. This Lagrangian has a form similar to
Eq. (4.67), except for the spin/isospin differences and the P -wave coupling of the
5 He/5 Li dimeron.
Similar Lagrangians can be written for other core types. If the core has a small
number of low-lying excited states, they can be included as extra fields just like
the Delta in Chiral EFT. The main drawback of Halo/Cluster EFT is the relatively
large number of undetermined LECs, as different cores demand different LECs. As
in other EFTs, one would like to eventually determine the LECs by matching lowenergy amplitudes to ab initio calculations based on Pionless or Chiral EFTs. In the
meantime they can be fitted to data.

4.4.3.1 Two-Body Systems
As with Pionless EFT, the first step is to determine the two-body LECs. Were we
looking at a core-nucleon system that supports a shallow S-wave bound state, things
here would be very similar to the 2N case. But many of the two-body systems of
interest in Halo/Cluster EFT, and in particular N α and αα, have a shallow resonance instead of a bound state. The different pole structure requires a different
power counting than in the 2N system. In this case the T matrix will be made out
of dimeron propagators connected by two-particle bubbles just as before. But the
required two-pole structure arises if both the kinetic and residual-mass terms in the
dimeron propagators are of similar size.
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Fig. 4.10 Diagrams representing the reduced T̃ matrix for the elastic scattering of a nucleon on
an alpha particle in Halo/Cluster EFT. A nucleon (alpha particle) is represented by a solid (dotted)
line, and a dibaryon by a double solid/dotted line

The particular case of a narrow resonance, κI  κR , requires a single fine-tuning
in the dibaryon mass [122]. For N α, 3 ∼ ℵ2 /μ3N , where μ3N = mN mα /(mN +
mα ) is the Nα reduced mass, while other parameters do not depend on ℵ, for example g32 ∼ 2π/(μ23N Mc ). For simplicity, let me focus on nα, Coulomb corrections
being necessary for pα. The T matrix in the P3/2 channel can be written as [120]
T=

g32 k 2
(2 cos θ + i sin θ σ · n̂)T̃ ,
3

(4.76)

in terms of n = p × p /|p × p |, the scattering angle θ , and the reduced T̃ matrix
shown in Fig. 4.10. The contribution from a single dibaryon propagator is
T̃1d =

1
,
3 − σ3 k 2 /(2μ3n )

(4.77)

which is the analog of Eq. (4.68) in Pionless EFT. For Q ∼ ℵ, this is O(μ3N /ℵ2 ).
For the once-iterated dibaryon propagator, the intermediate bubble is similar to Eq.
(4.69), except for the presence of two extra momenta in the numerator inside the
integral, which is therefore more sensitive to the cutoff:
T̃2d


 4 
μ3n g32 2
k
3
2
3
,
=
T̃ γ3 Λ + γ1 Λk + ik + O
6π 1d
Λ

(4.78)

where γ3 is another number that depends on the specific regulator choice (γ3 = γ1 /3
for a sharp momentum cutoff, for example). This more severe cutoff dependence
can be absorbed in a renormalization of both g32 and 3 and, as usual in an EFT,
after renormalization the loop contributes a non-analytic term ik 3 . Relative to T̃1d ,
this contribution is O(ℵ/Mc ), that is, one order down in the expansion. This means
the dimeron propagator can generically be treated in perturbation theory, the LO
amplitude being given by Eq. (4.77),
T

(0)


 2 −1
Q
2π
1−O
∼
.
μ3N Mc
ℵ2

(4.79)

With appropriate signs, this amplitude generates a pair of shallow poles on the real
axis at Q ∼ ±ℵ. The NLO unitarity correction (4.78) moves these poles below the
axis, but the resulting width is relative small, meaning the resonance is narrow.
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Fig. 4.11 Total cross section (in barn) for nα scattering as a function of the neutron kinetic energy
(in MeV) in the α rest frame below (left) and around (right) the P3/2 resonance. Diamonds are
evaluated data [123], and black squares are experimental data [124, 125]. Left: the dashed, dot–
dashed and solid black lines are the Halo/Cluster EFT results without resummation at LO, NLO,
and N2 LO, and the dashed and dot-dashed gray lines the Halo/Cluster EFT results with P3/2 resummation at LO and NLO, respectively. Right: the dashed and solid lines are the Halo/Cluster
EFT results with P3/2 resummation at LO and NLO, respectively. (The dot-dashed line, which
can be ignored, shows the LO result in a modified power counting with resummation in the P1/2
channel as well.) From Refs. [120, 122]

Now, when the external energy is in a window of O(ℵ2 /Mc ) around the resonance the denominator in the bare propagator becomes anomalously small, requiring resummation of the propagator and bubble insertions [122] as in the S-wave
bound-state case in Pionless EFT (4.73) or in the vicinity of the Delta pole in Chiral
EFT:

 
−1

6π3
6πσ3
6π
3
2
3
T̃1d + T̃2d + · · · =
− γ3 Λ −
− γ1 Λ k − ik
μ3n g32
μ3n g32
2μ23n g32

 
k
,
(4.80)
× 1+O
Λ
which has the form of the ERE for a P wave. From this expression renormalizability
is clear. It is also apparent that the scattering volume (the P -wave analog of the
scattering length) is large, ∼1/(Mc ℵ2 ), while the effective momentum (the P -wave
analog of the effective range) is natural-sized. This leads to the characteristic bump
in the cross section near the resonance energy. If the resonance is not particularly
narrow a second fine-tuning is needed in the two-particle/dimeron coupling, leading
to the same resummation in the whole low-energy region [120]. In this case the
effective momentum is small, ∼ℵ. In either case, other ERE parameters come out
of natural size.
A good description of nα scattering, displayed in Fig. 4.11, is obtained with
either power counting [120, 122], the amount of fine-tuning in the 5 He ground state
remaining unclear. When the LECs are fitted to an nα phase-shift analysis, one
finds Mc ∼ 100 MeV and ℵ ∼ 30 MeV, consistent with Pionless EFT. There is in
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Fig. 4.12
Coulomb-corrected S-wave
αα phase shift (in degrees) as
a function of the laboratory
energy (in MeV). The dotted
and solid lines are the
Halo/Cluster EFT results at
LO and NLO, respectively.
Solid circles represent
empirical phase shifts [127]
and the dash-dotted line is an
ERE fit. From Ref. [126]

principle no difficulty to include the electromagnetic interactions needed for proton
halos. The extension to pα scattering is thus straightforward, except for a less clear
separation of scales.
Coulomb is also very important for the αα system. This system is very peculiar
because the lowest resonance, with J π = 0+ , appears at a momentum that is small
compared to the scale Coulomb becomes important, αμαα , where μαα = mα /2 is
the αα reduced mass. Coulomb has to be included at LO with the dimeron propagator, but it can be approximated by a Q/αμαα expansion that makes it, in a sense,
a short-range interaction. Despite its small nominal value, the resonance width is
actually large in the scale set by ℵ. The position and width of the resonance, and the
αα phase shifts, can be well reproduced at LO and even better at NLO, as shown
in Fig. 4.12 [126]. However, this is only possible only at the cost of cancellations
between the short-range interaction and Coulomb at the level of factors of 100 and
10 in the scattering length and effective range, respectively. Such an additional finetuning is extremely surprising, and not at all understood.
External probes can be included as well. For cores for which the two-body system sustains a bound state, one can for example consider astrophysically interesting
neutron-capture reactions, such as p + 7 Be → 8 B + γ , which can be analyzed as
was p + n → d + γ in Pionless EFT [128]. Halo/Cluster EFT offers the possibility
of a controlled extrapolation of data to immeasurably small energies. For work in
this direction, see Ref. [129] and references therein.

4.4.3.2 Three-Body Systems and Beyond
As for Pionless EFT, the real power of Halo/Cluster EFT lies in going beyond the
ERE. For few-body systems, the question resurfaces of the relative size of few-body
forces in the presence of fine-tuning, now with nucleon-core and core-core interactions that, as we have just seen, have quite a different power counting compared to
the 2N system.
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For α-core systems the two-body forces have been determined to NLO: the
Nα and αα interactions from N α and αα scattering, respectively, as described
in Sect. 4.4.3.1, and the 2N interaction from 2N scattering, as described in
Sect. 4.4.2.1. We can then test RG invariance without three-body forces for the
three-body halo states in 6 He, 9 Be and 12 C, just as we did for the p + n + n system
[87] in Sect. 4.4.2.2. This issue has now been settled only in 6 He [130], 9 Be being
under study [131].
6 He has been studied by adapting the Gamow Shell Model to the LO, energydependent interactions in the power counting of Ref. [120]. Without three-body
forces, the three-body ground state collapses, while the simplest three-body force,
shown explicitly in Eq. (4.75), was found sufficient for renormalization: its LEC can
be adjusted to reproduce the experimental binding energy of 6 He at any cutoff. This
three-body force is the EFT rendition of the phenomenological strategy of allowing
the nn interaction to be empirically modified by the presence of the core. One can
now proceed to calculate other 6 He properties, and more-neutron members of the
He family, such as 8 He. Of course, one needs to check whether four-body forces are
absent from LO as it seems to be the case for p + p + n + n [108], as discussed in
Sect. 4.4.2.3. Note that 6 He is Borromean, but its different nature compared to triton
in Pionless EFT does not seem to diminish the importance of three-body forces.
The EFT is also a tool to look for Efimov-like states in halo nuclei. Several candidate nuclei with S-wave interactions have been studied in this fashion, giving some
tantalizing hints of the answer (see Ref. [132] and references therein). Recently even
the form factors of three-body S-wave halos have been calculated [133].

4.4.4 Summary
QCD exhibits in the two-nucleon system a certain amount of fine-tuning, which
results in shallow bound states and resonances in light nuclei. These states can be
described by EFTs with only contact interactions: Pionless EFT with only nucleon
degrees of freedom, and Halo/Cluster EFT with additional degrees of freedom for
tight clusters of nucleons. Good descriptions of data on S-shell nuclei and α-core
halo/cluster states can be achieved, but in the case of the αα system only at the cost
of a baffling additional fine-tuning, this time between strong and electromagnetic
interactions.

4.5 Conclusions and Outlook
I introduced the general concept of EFTs. Using the example of atoms in NRQED,
I presented the EFTs of QCD for typical nuclei (Chiral EFT), for the lightest nuclei
(Pionless EFT), and for larger nuclei with halo or cluster structure (Halo/Cluster
EFT). Along the way, I alluded to some of the applications to cold-atom physics.
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I described many of the successes of EFT approach, although my emphasis has
been on the conceptual development. The main message is that EFT provides the
framework to describe nuclear physics within the Standard Model (which itself can
be viewed as an EFT): it is consistent with the symmetries, incorporates hadronic
physics, and has a controlled expansion.
The frontier is to push EFTs in the direction of heavier nuclei. Is there a connection to the traditional Shell Model, perhaps generalizing Halo/Cluster EFT? For
heavy, deformed nuclei, an EFT has been developed for the very low-energy rotational bands [134], and certainly other nuclear regimes await new EFTs. The EFT
program is paving the road for a QCD understanding of nuclear structure and reactions, while uncovering some new, beautiful renormalization phenomena.
Acknowledgements I thank my many collaborators over the years for their help in shaping my
views of EFTs, especially in the challenging nuclear context. This work was supported in part by
the Université Paris Sud under the program “Attractivité 2013”, and by the US DOE under grant
DE-FG02-04ER41338.
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